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The fractional Laplacian, s ∈ (0, 1)

• Via Fourier transform

(−∆)su(x) = F−1(| · |2sF (u))(x).

• Via a hypersingular integral

(−∆)su(x) = cN,s p.v.

ˆ
RN

u(x)− u(y)

|x− y|N+2s
dy.
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Diffusion with jumps
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The role of the parameter s to model diffusion strategies

(Caffarelli, Dipierro, Valdinoci; 2016)

(−∆)su = (σ − u)u+ τ(J ? u) in Ω, u = 0 outside Ω.

• In large environments: s ≈ 1 can be optimal.

• In small environments: s ≈ 0 can be optimal.

Alberto Saldaña
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The role of the parameter s to model diffusion strategies

(Pellacci, Verzini; 2016)

ut + (−∆)su = m(x)u− u2 in Ω, Neumann boundary conditions.

If the habitat is

• not too fragmented, or

• not too hostile,

then the best choice for s is either the smallest or the biggest admissible values.
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Some questions

How to study the s-dependency?

For example:

• What can be said about the map s 7→ (−∆)sϕ?

• If us is a solution of

(−∆)sus = f,

What can be said about the solution map s 7→ us?, Is it continuous?,
differentiable?, if so, how is the derivative vs := ∂sus analyzed?

• How is this influenced by a nonlinear component?, for instance, if us is a
solution of

(−∆)sus = |us|ps−2us,

What can be said about the map s 7→ us?, What happens as s→ 0+?

Alberto Saldaña
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Easy?

The fundamental solution for (−∆)s in RN is given by

FN,s(x) :=


κN,s|x|2s−N , if s− N

2
6∈ N0;

κN,s|x|2s−N ln |x|, if s− N

2
∈ N0,

where

κN,s :=


Γ(N2 − s)
4sπ

N
2 Γ(s)

, if s− N

2
6∈ N0;

21−2sπ−
N
2 (−1)s+1−N

2

Γ(s− N
2 + 1)Γ(s)

, if s− N

2
∈ N0.

Alberto Saldaña
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What can be said about
s 7→ (−∆)sϕ?
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The logarithmic Laplacian: a pseudodifferential
operator

Let ϕ ∈ C∞c (RN ), ξ ∈ RN\{0}, then

(−∆)sϕ̂(ξ) = |ξ|2sϕ̂(ξ) = (1 + s ln(|ξ|2) + o(s))ϕ̂(ξ)

= ϕ̂(ξ) + s ln(|ξ|2)ϕ̂(ξ) + o(s)

as s→ 0+. Let

ln(−∆)ϕ̂(ξ) = ln(|ξ|2)ϕ̂(ξ).

Other notations

ln(−∆), log(−∆), L∆, (−∆)log, (−∆)L.

Alberto Saldaña
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An integrodifferential operator

L∆ϕ(x) = F−1(ln(| · |2)F (ϕ))(x).

(Chen, Weth; 2019)

L∆ϕ(x) = cN

ˆ
B1(x)

ϕ(x)− ϕ(y)

|x− y|N
dy − cN

ˆ
RN\B1(x)

ϕ(y)

|x− y|N
dy + ρNϕ(x),

where cN and ρN are explicit constants.

Alberto Saldaña
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Derivative of (−∆)s at s = 0

L∆ϕ(x) = cN

ˆ
B1(x)

ϕ(x)− ϕ(y)

|x− y|N
dy − cN

ˆ
RN\B1(x)

ϕ(y)

|x− y|N
dy + ρNϕ(x),

(Chen, Weth; 2019)

For 1 < p ≤ ∞ and ϕ ∈ C∞c (RN ),

lim
s→0+

∥∥∥∥ (−∆)sϕ− ϕ
s

− L∆ϕ

∥∥∥∥
p

= 0.

Namely,

L∆ϕ(x) =
d

ds

∣∣∣
s=0

(−∆)sϕ(x).

Alberto Saldaña
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Variational structure

L∆ϕ(x) = cN

ˆ
B1(x)

ϕ(x)− ϕ(y)

|x− y|N
dy − cN

ˆ
RN\B1(x)

ϕ(y)

|x− y|N
dy + ρNϕ(x),

Let Ω ⊂ RN be a bounded domain and let

E(ϕ,ψ) :=
cN
2

ˆ
RN

ˆ
B1(x)

(ϕ(x)− ϕ(y))(ψ(x)− ψ(y))

|x− y|N
dy dx.

Then,

H(Ω) :=
{
ϕ ∈ L2(Ω) : E(ϕ,ϕ) <∞, ϕ = 0 in RN\Ω

}
is a Hilbert space with scalar product E(·, ·). Let

EL(u, v) := E(ϕ,ψ)− cN
ˆ
RN

ˆ
RN\B1(x)

ϕ(x)ψ(y)

|x− y|N
dy dx+ ρN

ˆ
RN

ϕ(y)ψ(y) dy.

Alberto Saldaña
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Weak solutions

L∆u = f ⇐⇒ EL(u, ϕ) =

ˆ
Ω

fϕ dx ∀ϕ ∈ C∞c (Ω),

L∆u = λu ⇐⇒ EL(u, ϕ) = λ

ˆ
Ω

uϕdx ∀ϕ ∈ C∞c (Ω).

(Chen, Weth; 2019) There is a sequence of eigenvalues
λL1 < λL2 ≤ . . . ≤ λLk ≤ . . . and eigenfunctions ξLk ∈ H(Ω) such that

• {ξLk } is an orthonormal basis of L2(Ω),

• ξL1 > 0,

Alberto Saldaña
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Eigenfunctions

L∆ξ
L
1 = λL1 ξ

L
1

(Chen, Weth; 2019) If ξs1 is the first eigenfunction of (−∆)s and

(−∆)sξs1 = λs1ξ
s
1,

then lims→0+ λs1 = 1,

• λL1 = d
ds

∣∣∣
s=0

λs1,

• ξs1 → ξL1 as s→ 0+.

Alberto Saldaña
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Maximum principle

L∆ξ
L
1 = λL1 ξ

L
1

(Chen, Weth; 2019)

• The operator L∆ satisfies the maximum principle if and only if λL1 > 0.

• λL1 ≤ ln(λ1), where λ1 = λ1(Ω) > 0 is the first eigenvalue of the Laplacian.

• λL1 ≤ ln(λ1) < 0 if λ1 < 1 (for Ω big, for instance).

Alberto Saldaña
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Regularity

L∆u = f

(Kassman, Mimica; 2013 - Chen, Weth; 2019)

• f ∈ L∞(Ω) implies that u ∈ C(Ω) and

|u(x)| ≤ Cτ
1

(− ln ρ(x))τ
as ρ(x) = dist(x, ∂Ω)→ 0

for all τ ∈ (0, 1
2 ).

Alberto Saldaña
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If us is a solution of

(−∆)sus = f,

what can be said of s 7→ us?

Alberto Saldaña
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Differentiability of s 7→ us

Let z > 0, s ∈ [0, 1], and h ∈ C1(0, 1), then

d

ds
(zsh(s)) = ln(z)zsh(s) + zsh′(s).

If

(−∆)sus = f en Ω, us = 0 on RN\Ω,

then s 7→ us is differentiable in (0, 1) (Jarohs, S., Weth; 2020) and

0 =
d

ds

(
(−∆)sus

)
= ln(−∆)

(
(−∆)sus

)
+ (−∆)s

( d
ds
us

)
Then vs := d

dsus is the solution of

(−∆)svs = −L∆

(
(−∆)sus

)
in Ω, vs = 0 on ∂Ω.

Alberto Saldaña
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Some results for s ∈ [0, 1]

vs = d
dsus, us = vs = 0 in RN\Ω,

(−∆)sus = f ≥ 0 in Ω, (−∆)svs = −L∆

(
(−∆)sus

)
in Ω.

(Jarohs, S., Weth; 2020)

• s 7→ us(x) is decreasing in [0, 1] for all x ∈ Ω ⇐⇒ L∆f ≥ 0 in Ω.

• if f ≡ 1 ∃ rN > 0 : Ω ⊂ BrN (0) =⇒ s 7→ us is decreasing for s ∈ [0, 1].

• if f ≡ 1 and BrN (0) ⊂ Ω, then s 7→ us(0) is not decreasing in [0, 1].

Note: rN√
N
→ c > 0 as N →∞.

Alberto Saldaña
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Connecting the identity with the Laplacian

Let Ω ⊂ R2 be an open bounded smooth set,

(−∆)sus = 1 ≥ 0 in Ω,
d

ds
us = Gs

(
−L∆

(
(−∆)sus

))
in Ω,

where Gs(h)(x) :=
´

Ω
Gs(x, y)h(y) dy and Gs is the Green kernel for (−∆)s in

Ω. Then, in Ω for s ∈ (0, 1),

us − 1 = us − u0 =

ˆ s

0

d

dt
ut dt =

ˆ s

0

Gt(−L∆((−∆)tut)) dt ≤ −cΩ
ˆ s

0

ut dt,

where cΩ is an explicit constant. Then,

us ≤ 1− cΩ
ˆ s

0

ut dt =⇒ us ≤ e−scΩ ≤
e−

s
5

π2
dΩ(π + |Ω|),

for s ∈ [0, 1], where

dΩ := sup
x∈Ω
|B1(x) ∩ Ω|

Alberto Saldaña
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New bounds for the torsion

u1(x) ≤ dΩ(π + |Ω|) 9

100
, dΩ = sup

x∈Ω
|B1(x) ∩ Ω|.

Note that dΩ is small if Ω is, for example, a spaghetti-type domain.

This yields a better bound in these domains than the classical bound given by
Talenti’s principle

u1(x) ≤ |Ω|
4π
≤ 8

100
|Ω|

Alberto Saldaña
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New bound for the Laplacian’s Green function

Let ‖G1‖ be the smallest constant C > 0 such that

|G1f |∞ ≤ C for all f ∈ L∞(Ω) such that |f |∞ := sup
Ω
|f | ≤ 1.

Since |G1f |∞ ≤ |G11|∞ (by the maximum principle), we obtain that

‖G1‖ = |G11|∞ = sup
Ω
u1.

Consider the problem

−∆w = f(w) in Ω, w = 0 on ∂Ω, (1)

where f ∈ Lip(R) with Lipschitz constant 0 < Cf < ‖G1‖−1. Then,

T : L∞(Ω)→ L∞(Ω), Tw := G1f(w),

is a contraction, since

|Tw1 − Tw2| ≤ ‖G1‖ |f(w1)− f(w2)|∞ ≤ η|w1 − w2|, η = ‖G1‖Cf < 1,

and therefore (1) admits a unique solution in L∞(Ω).
Alberto Saldaña
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If us is a solution of

(−∆)sus = |us|ps−2us,

What can be said about s 7→ us?,
What happens when s→ 0+?

Alberto Saldaña
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A superlinear subcritical problem

Let p ∈ C1([0, 1
4 ]) be such that

2 < p(s) < 2∗s :=
2N

N − 2s
para s ∈ (0, 1

4 ), p′(0) 6∈ {0, 4
N }.

Let ps := p(s) and let us be the solution of

(−∆)sus = |us|ps−2us in Ω, us = 0 on RN\Ω.

Alberto Saldaña
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(S., Hernández Santamaŕıa; 2022)

Let sk → 0 as k →∞ and let usk be a least-energy solution of

(−∆)skusk = |usk |psk−2usk in Ω, usk = 0 on RN\Ω.

Then there is u0 ∈ H(Ω)\{0} such that (passing to a subsequence)

usk → u0 en L2(Ω)

and u0 is a least-energy solution of

L∆u0 = p′(0) ln(|u0|)u0 in Ω, u0 = 0 on RN\Ω.

Alberto Saldaña
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Some difficulties

• Lack of compactness (no embedding such as Hs0(Ω) ↪→ Lps(Ω)).

• It only holds that H(Ω) ↪→ L2(Ω) is compact, but this is not enough.

• An important tool: the logarithmic Sobolev inequality.

Alberto Saldaña
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A proof of the logarithmic Sobolev inequality

Step 1: Consider the fractional Sobolev inequality

|u|22∗
s
≤ κN,s‖u‖2s for all u ∈ C∞c (RN ),

where s ∈ (0, N2 ), 2∗s := 2N
N−2s ,= 2 + s 4

N + o(s)

|u|22∗
s

=

(ˆ
RN

|u|2
∗
s dx

) 2
2∗s
,

=

ˆ
RN

|u|2 dx+ s
4

N

(ˆ
|u|2 ln |u| dx−

ˆ
RN

|u|2 dx ln

(ˆ
RN

|u|2 dx
))

+ o(s)

‖u‖2s =

ˆ
RN

|ξ|2s|û(ξ)|2 dξ,

=

ˆ
RN

(1 + s ln(|ξ|2) + o(s))|û(ξ)|2 dξ

κN,s = 2−2sπ−s
Γ(N−2s

2 )

Γ(N+2s
2 )

(
Γ(N)

Γ(N2 )

) 2s
N

.

= (1 + s aN + o(s))

Alberto Saldaña



2 4 6 8 10 12

- 20

- 10

10

1.0 1.5 2.0 2.5

A proof of the logarithmic Sobolev inequality

Step 1: Consider the fractional Sobolev inequality

|u|22∗
s
≤ κN,s‖u‖2s for all u ∈ C∞c (RN ),

where s ∈ (0, N2 ), 2∗s := 2N
N−2s= 2 + s 4

N + o(s),

|u|22∗
s

=

(ˆ
RN

|u|2
∗
s dx

) 2
2∗s

=

ˆ
RN

|u|2 dx+ s
4

N

(ˆ
|u|2 ln |u| dx−

ˆ
RN

|u|2 dx ln

(ˆ
RN

|u|2 dx
))

+ o(s),

‖u‖2s =

ˆ
RN

|ξ|2s|û(ξ)|2 dξ

=

ˆ
|u|2 dx+ s

ˆ
RN

ln(|ξ|2)|û(ξ)|2 dξ + o(s),

κN,s = 2−2sπ−s
Γ(N−2s

2 )

Γ(N+2s
2 )

(
Γ(N)

Γ(N2 )

) 2s
N

= (1 + s aN + o(s))

for some aN ∈ R as s→ 0+.
Alberto Saldaña



2 4 6 8 10 12

- 20

- 10

10

1.0 1.5 2.0 2.5

A proof of the logarithmic Sobolev inequality

Step 2: A first order expansion on s:

|u|22∗
s
≤ κN,s‖u‖2s for all u ∈ C∞c (RN ),

becomes
ˆ
RN

|u|2 dx+ s
4

N

(ˆ
RN

|u|2 ln |u| dx−
ˆ
RN

|u|2 dx ln

(ˆ
RN

|u|2 dx
))

+ o(s)

≤ (1 + s aN + o(s))

(ˆ
RN

|u|2 dx+ s

ˆ
RN

ln(|ξ|2)|û(ξ)|2 dξ + o(s)

)
=

ˆ
|u|2 dx+ s

(
aN

ˆ
RN

|u|2 dx+

ˆ
RN

ln(|ξ|2)|û(ξ)|2 dξ
)

+ o(s)

Alberto Saldaña
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A proof of the logarithmic Sobolev inequality

Step 3: Simplify:

4

N

(ˆ
RN

|u|2 ln |u| dx− |u|22 ln |u|22
)
≤ aN |u|22 +

ˆ
RN

ln(|ξ|2)|û(ξ)|2 dξ + o(1),

where

|u|22 =

ˆ
RN

|u|2 dx.

Alberto Saldaña
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A proof of the logarithmic Sobolev inequality

Step 4: Let s→ 0+:

2

N

ˆ
RN

|u|2 ln(|u|2) dx ≤
ˆ
RN

ln(|ξ|2)|û(ξ)|2 dξ +
2

N
|u|22 ln |u|22 + aN |u|22,

or

2

N

ˆ
RN

|u|2 ln(|u|2) dx ≤ EL(u, u) +
2

N
|u|22 ln |u|22 + aN |u|22,

the Sobolev logarithmic inequality with optimal constant (Beckner, 1995).

Alberto Saldaña
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The Nehari manifold method

L∆u = µ ln(|u|)u, µ ∈ (0, 4
N ).

The energy functional J : H(Ω)→ R is given by

J(u) :=
1

2
EL(u, u)− µ

4

ˆ
Ω

u2(ln(|u|2)− 1).

The Nehari manifold is

N =

{
u ∈ H(Ω)\{0} : EL(u, u) = µ

ˆ
Ω

ln(|u|)u2

}
.

Given ϕ ∈ C∞c (Ω)\{0},

tϕϕ ∈ N , where tϕ := exp

(EL(ϕ,ϕ)− µ
´

Ω
ln |ϕ|ϕ2

µ|ϕ|22

)
Alberto Saldaña
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L∆u = µ ln(|u|)u ⇐⇒ J(u) = inf
N
J.

If u ∈ N , then

J(u) :=
1

2
EL(u, u)− µ

4

ˆ
Ω

u2(ln(|u|2)− 1) =
µ

4

ˆ
Ω

u2.

Alberto Saldaña
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Proposition

Let (un) ⊂ N be such that supn∈N J(un) ≤ C. Then (un) is bounded in H(Ω).

J(un) =
µ

4
|un|22 =⇒ sup

n∈N
|un|22 ≤

4

µ
C =: C1.

By the Sobolev logarithmic inequality,

2C > 2J(un) = EL(u, u)− µ

2

ˆ
Ω

u2 ln(|u|2) +
µ

2

ˆ
Ω

u2

≥
(

1− Nµ

4

)
EL(un, un)− µ

2
ln(|un|22)|un|22 +

(
µ

2
− aN

Nµ

4

)
|un|22.

Then,

sup
n∈N
EL(un, un) ≤ C̃

(
1 + sup

t∈[0,C1]

(| ln(t)|+ 1)t

)
=: C2.

Thus,

C2 ≥ EL(un, un) = ‖un‖2H(Ω) − cN
ˆ
RN

ˆ
RN\B1(x)

un(x)un(y)

|x− y|N
dy dx+ ρN |un|22

≥ ‖un‖2H(Ω) − (|Ω|+ |ρN |)C1.

Alberto Saldaña
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Work in progress
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Existence of classical solutions

(with Héctor Chang-Lara - CIMAT)
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L∆u = f in Ω, u = 0 outside Ω.

(Kassman, Mimica; 2013 - Chen, Weth; 2019)

f ∈ L∞(Ω) =⇒ sup
x,y∈Ω,x 6=y

|u(x)− u(y)|
`α(|x− y|)

for some α ∈ (0, 1),

where

`(r) :=
1

| ln(min{r, 1
10})|

Alberto Saldaña
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L∆u = f in Ω, u = 0 outside Ω.

(Jarohs, Feulefack; 2021)

f ∈ C2m(Ω) =⇒ u ∈ Hm
loc(Ω),

in particular

f ∈ C∞(Ω) =⇒ u ∈ C∞(Ω),

Alberto Saldaña
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L∆u = f in Ω, u = 0 outside Ω.

(Chang-Lara, S.; 2022)

sup
x,y∈Ω,x 6=y

|f(x)− f(y)|
`(|x− y|)

=⇒ sup
x,y∈Ω,x 6=y

d1+α(x, y)
|u(x)− u(y)|
`1+α(|x− y|)

for some α ∈ (0, 1), where

d(x, y) := min{dist(x, ∂Ω),dist(y, ∂Ω)}, `(ρ) :=
1

ln(min{ρ, 1
10})

Alberto Saldaña
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Numerical analysis of solutions

(with V́ıctor Hernández-Santamaŕıa - IMUNAM)

Alberto Saldaña



2 4 6 8 10 12

- 20

- 10

10

1.0 1.5 2.0 2.5

L∆u = sin(5x) in (−a, a), u(−a) = u(a) = 0

L∆u = 1 in (−a, a), u(−a) = u(a) = 0

Alberto Saldaña
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Asymptotic analysis in
sublinear-type problems

(with Felipe Angeles Garćıa - IMUNAM)
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