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Introduction The picture
Basic properties of the speed

When does M; shrink to a ‘round point’ in finite time?
The support function

We begin with curvature contraction flows of the form

-7 B t) = _F(W (pa t))l/(p, t) (1)

with a smooth, compact, strictly convex initial hypersurface
X (S",0) = Xo (S") = My without boundary.

v(p, 1)

M= X(M, 1)
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Introduction The picture
Basic properties of the speed
When does M; shrink to a ‘round point’ in finite time?
The support function

Definition

The principal curvatures r;, i =1, ..., n, are the eigenvalues
of the Weingarten map W of M;.

Write k = {k1,...,Kkn}.
Basic properties of the speed:

@ F(W) = f(k), f symmetric on the positive cone
Ny ={k:kj>0foralli=1,...,n}.

@ f > 0 (contraction flow), f(1,...,1) =1 (normalised)
@ f strictly increasing in each argument, everywhere on I,
@ fis homogeneous of degree o > 0
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Introduction The picture

Basic properties of the speed
When does M; shrink to a ‘round point’ in finite time?
The support function

Definition (Homogeneous functions)

A function f (k) = f (x4, ..., xn) iSs homogeneous of degree
if for every x and for all kK > 0,

f(kk) = k“f (k).

Theorem (Euler's homogeneous function theorem)
If f is differentiable and homogeneous of degree « then

Idea of proof: Take -2 of definition then set k = 1. O

Note: f (ki) = k%f (k) < F (kW) = k®F (W).



Introduction The picture
Basic properties of the speed

When does M; shrink to a ‘round point’ in finite time?
The support function

For any smooth strictly convex initial hypersurface My and
speed f smooth and homogeneous of degree 1:
(Huisken, '84) Under mean curvature flow, F = H
(Chow, '85) Under flow by F = K1/7
(Andrews, ’94) Under flows by f either
@ convex, or
e concave and
e n=2
@ f—0ask — Iy, or
° supy, A < liminfeeor, %
(Andrews, ’07) Under flows by f concave and inverse
concave, that is, the function f, is concave, where

)
(L 1)

(Andrews, ’10) Under flows by f when n = 2 (surfaces).

f*(X1,...
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Introduction The picture
Basic properties of the speed

When does M; shrink to a ‘round point’ in finite time?
The support function

And more recently
@ (Andrews, M., Zheng, '13) Under flows with f inverse
concave and either
e f,—0onaol,,or
e matrix of inverse Weingarten map (r;) of My satisfies
r(v,v)l, . : r(v,v)
v (F* (r(z))) < (0

@ (M., Mofarreh, V-M Wheeler, ’14) M, axially symmetric
More results for smooth speeds f homogeneous of positive
degree with M suitably pointwise ‘curvature pinched’:

@ (Chow, '85) Flows by K”, 3 > 1

@ (Schulze, '06) F = HX, k > 1

@ (Alessandroni-Sinestrari, '10), F = R¥, k > }

@ (Andrews, M., ’12) f homogeneous of degree « > 1 (rather

tight pinching).
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Introduction The picture
Basic properties of the speed

When does M; shrink to a ‘round point’ in finite time?
The support function

If n =2, more results are possible, without curvature pinching,
or convexity of f, by exploiting symmetries of Codazzi
equations:
@ (Andrews, '99) F = K (Firey’s conjecture)
@ (Schnirer, '05) various speeds of integer homogeneity
between 1 and 6
@ (Schniirer-Schulze, '06) F = HX, k =1,2,3,4,5
@ (Andrews, '10) f homogeneous of degree o > 1
(a-dependent pinching if a > 1)
@ (Andrews-Chen, '12) F = K2, a € [1,2]
Even more results on convergence of smooth convex

hypersurfaces to a point (or not) without roundness.
See, eg (Andrews, M., Zheng ’13).
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Introduction The picture
Basic properties of the speed
When does M; shrink to a ‘round point’ in finite time?
The support function

Definition

Let X : S” — R™ represent a suitably smooth convex
hypersurface M in R™'. The support function of M is given
by

u(x) = (X (x),v(x)).

Note: The image of M in R™' can be reconstructed via
X(x)=u(x)x+Vu(x), (2)
where V and 7 are the standard gradient and metric on S".

Solutions of (1) remain convex and correspond to solutions of
the scalar parabolic equation

o _ _ _
oy =—F ((V,-VjquE,-ju) 1) =—-F (I’,‘j)

ot =V (I’,j) . (3)
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Nonsmooth convex speeds The class of speeds

Approximating speeds

Suppose now F (W) satisfies the following
@ F(W)=f(k), fsymmetricon Iy
e f>0,f(1,...,1) =1
o forallk e 'y, f(k+ de)) > f (k) forall 6 > 0 and each i
@ fis homogeneous of degree 1
@ fis convex,ie. forall x,y € ' and A € [0, 1],

FOX+(1=Xy)) < M)+ (1 =N F(y).

Properties:

@ fis almost everywhere in I twice differentiable
(Aleksandrov).

@ fis Lipschitz on compact subsets of I',..
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Nonsmooth convex speeds The class of speeds
Approximating speeds

Example (1= 2, f (k) = & kmin + 3 kmax, > a > 0, a + 4 = 1)

@ f defined on R? and symmetric, since
Kmin = (K1 + K2 — [k1 — K2]) /2

We can rewrite f (k) = 1H + < > |k1 — K2l

@ f> 0on T, notdifferentiable if 3 > a wherever k1 = ko
@ fis everywhere increasing (by triangle inequality)
@ f degree 1 homogeneous, convex (triangle inequal, 8 > «)

Example (Maxima of convex functions)

H 1 1
F:max(n,n|A|>,n<n<ﬁ.
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Nonsmooth convex speeds The class of speeds

Approximating speeds

For a mollifier j. (x) = " (%), such as
1
J(x) = cpelk=1 for |x| <1
0 for |x| > 1,

where ¢, is chosen such that [,/ (x) dx =1, set

H ) .
=g [0 Gy =g [ Wi,
@

where f! is a normalisation factor.

Lemma
@ Foreache > 0, f. is smooth; f. — f uniformly on cc T .

@ Foreache € (0,min (1,20)), £ satisfies the same
properties as f.

Q f(k)—eH<f (k) <f(k)+eH.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Theorem (Andrews, Holder, M., G. Wheeler, V.-M. Wheeler,
Williams, ’14)

Given My compact, strictly convex C'-# hypersurface and a
convex function f on I, satisfying the above properties, a
solution u € C?<(S" x (0, T)) to (3) exists for T < co. The M;
contract to a point as t — T. Under rescaling, M; approaches
S" exponentially in C>®' for0 < o/ < a.

Remarks:

@ Cannot estimate curvature derivatives via Schauder
estimates. So to obtain contraction to a point by
contradiction, we need short time existence for C'-? initial
hypersurfaces. Modification of Lieberman, Chapter 14.

© If the speed is more regular, then the solution is
correspondingly more regular, by boot-strapping.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

We obtain estimates independent of ¢ for the flows

ous e ( (T T e L=\ €
S = —F (Vv o)) = Fo (), 9)

all with initial hypersurface My. The speeds are given by
FeOW) = (k(W));
we will denote by x5 the curvatures of the M, etc.

Let p_, po denote the inner and outer radius of M.

Lemma (maximal time estimate)

P2 P+
<
2 =T 2
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Proof: The radius r¢ (t) of a sphere evolving under (5) satisfies

dE _ 15 1 1 N 19 l__l
() = (rg,...,ra>_ (1) =

With a condition r¢ (fy) = rp, independent of ¢, the ODE has
solution
re(t)y=4/rg -2 (t-ty).

The sphere shrinks to a point at time t = fp + @

Since My encloses B,_ and is enclosed by B,,, ,

<T.<

I\)‘FI\)
I\J‘_P[\)

for all e. O

James McCoy Curvature contraction of convex hypersurfaces



The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Lemma (lower bound on speed and mean curvature)

Under (3), H* > Hy > 0 and F* > 1Hy remain true,
independent of ¢.

Proof: Solutions of (5) satisfy

b . . .
SHE = LOHE + FROVL s e+ FN AT,

where L° = F!VW}‘. Since the F. are convex,

minH* > minH =: Hy >0
M; Mo

independent of .

Any convex F satisfies F > %H, the result follows. O
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Using Hamilton’s maximum principle for tensors,

Lemma (preservation of convexity, curvature pinching)
Under (3),
Q@ h,;>0,

. . . Kmin
o h;/- . n,_—s(gj/, > 0, for any constant n < r?/llon m

Proof: For any constant »,
o . . . . .
o2 (H = nFeo]) = £= (WL = nF=a]) + FE=VLm, Vit

+ FE b (P ;= nFe]) .

so if the inequality holds initially, then it is preserved under the
flow (5). Choice of n follows from estimate of £. in terms of f
and H.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Remark: Taking € < ¢o = , the argument of the convolution £.
remains within ..

Lemma (upper speed bound, while inradius remains positive)

Fix ty < T. Then for any r > 0 such that u > r at time t,, we
have on [0, ty]:

maxy, F 2
Fg(x,t)<2,o+max{XM° }

) r2
Idea of proof: A method of Chou (’85); choose origin such that
B; (O) is enclosed by M; . Then uf (x,t) > rforall x € S" and

t € [0, fo]. The function Q° = z£— satisfies
Viu
Qf <L+ AN a"_ Vi @2 (2- Q).

|
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Lemma (equation (5) is uniformly parabolic)

Co<f(k+de)—f(r) <C6.

Idea of proof: Upper and lower bounds on F and curvature
pinching give that x remains within a compact K C I';.. O

We have now shown that the solutions u* to (5) are bounded in
C?%“, independent of ¢, as long as the inradius is positive.
Taking e — 0 we obtain a C? solution to (3).

Specifically, in view of our estimates independent of ¢, using the
method of continuity and mollification as in Lieberman Chapter
14, we obtain

Theorem (short-time existence of solution to (1))

For any uy € C"® (S") there exists a § > 0 and a unique
solution u € C>' (S" x (0,6)) N C(S" x [0,6)).
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Theorem (contraction to a point)
The images M; shrink to a pointast — T < oc.

Proof:
@ Supposep_ A~ 0ast— T.

© Speed bounds and curvature pinching imply bounds above
and below on the principal curvatures.

@ These imply convergence to u (-, T), generating a C'"!
hypersurface Mr.

Q I\7IT could then be used as initial data in the short-time
existence theorem, contradicting the maximality of T.

© Therefore p_ — 0ast — T and, via curvature pinching,
p+ — 0 also. |

Moreover, by standard arguments we get u € C>*(S" x (0, T)).
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

The natural rescaling of the solution to (1) is

X(x6.t)= ——(X(x.t)~ p),

where M; contracts to the point p € R at time T. The
rescaled time parameter is

T:—%In <1—7t.> € [0,00).

The rescaled immersions M. evolve according to
0 ¢ - -
EX(X,T):—F(W(X,T))ﬁ(X,T)—i—X(X,T), (6)
with initial condition
< 1

X(x,0) = = (% - p).
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

By standard arguments, solutions to (6) have
@ uniform positive lower and upper bounds on F;
@ curvature pinching (homogeneous degree zero estimate).

Consequently, (6) is uniformly parabolic and C?° regularity of
X then follows by standard arguments for fully nonlinear
equations (Krylov, Safanov).

For asymptotic sphericity, we need a geometric quantity
whose extremum characterises a sphere, and whose
monotonicity survives in the limit ¢ — 0. Consider the family of
flows

;T)?E (X, 72) = —F% OV (x, 7)) 7° (%, 1) + XE (%, ), (7)
with initial condition
- 1
X (x,0) = —— (Xo — p.).
(x,0) \/278( 0—P-)
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

For Gg := Gy (WE) smooth, positive, increasing, concave,
degree-one homogeneous and normalised, set

G = é‘g—l—k/:IE{:)QE ::§g+sz%,€
and Q3 := G — oF* < &, := & — af*, for numbers k and a.
Since Gis concave and F is convex, the function % has only
Al = 1}, at(1,...,1), implying

one local maximumon N {

the structural bound 2 < 1.

utlo)

Lemma

For any @ there is an absolute constant ky = ko(a) such that,
under the rescaled flow (7), for any o < @ and k > ky > 0,

0 e ~eAE Epq e mie AE
oGz G+ (Ff%pmhmq— 1) . (8)
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

We compute

aTgQE £Qu + (@ TFPem — FIQE P B Vi
+ (FEIR P — 1) 5 (9)

We wish to choose k > 0 such that the whole @AE termin (9) is

nonnegative. This requires the matrix inequality Q% > 0.

We have in coordinates that diagonalise the Weingarten map

0G5 _ 0G; OF
or  om T “ar,
Taking ko = @C meets the requirement. O
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Using the properties of G¢ and the lower speed bound, we have

Lemma

There exists an absolute constant C > 0 such that

C—a)FF<@<(1-a)F. (10)
(6-0)

Completion of proof of asymptotic sphericity

Consider Q:,  on the time interval [m, m + 1] for m > 1. Fix
@ = 1 and choose a = «q such that
min @, =0
Mo 0
The lower bound in (10) implies ag > 0, moreover, there is an
upper bound on ag beyond which
min @ <O.
Mpte[mm+1]  —™
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

The sequence {am}men, iS Now generated by choosing on
each interval [m, m + 1] the corresponding oo = iy such that

mnQ: =0.
M, oM

m

For all m we have ap, < 1 since otherwise, by (10),

max QF <O.
Mt,tG[m,m—H]

The evolution equation (8) implies that on [m, m + 1] the
quantity Q;, is non-negative.

We show that in fact miny, égm increases using the parabolic
Harnack inequality.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

First rewrite (8) in a local coordinate system around B,(x) for
any x € M,

~ if 82 c k c ;pq"am"a ~
og > E <ax,axoam_r'fao )+(F€ P hmq—1)ogm

Using the ellipticity constants, we derive, for A to be chosen,
6 e ’“’ 82 )\t p c
7 (V) = P <“" /e:.)
1 [ iparemre 1¢C ~
t5 quhpmhmq—EEyr\2—1 + A (e“\/ogm> .
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The main theorem
The estimates

The main result Existence and convergence to a point

Rescaling and asymptotic sphericity

Since the rescaled curvatures are bounded, there is a positive

A = Ag such that for
z, - (/@)

0 2 02
— —F! 2 >0
(675 ‘ 8x,-8x/> am =
in the local coordinate chart. The weak parabolic Harnack
inequality implies, for each x € M,

~ m ~
min Z, > c/ ! \Z;, |7dx | dT.
B, a(x)x[m+1,m+2] m1 \1B,(X)] JB,(x)

for absolute positive o and bounded c, independent of x.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Since X. € 22, Z:_ ¢ C% and therefore

min Z: >c  max Z°
B, 2(x)x[m+1,m+2] ™ T B, (x)x[m—1,m] "’
where ¢ depends on the absolute constants o and a.

A parabolic chaining argument gives

min Z: >c max Z& .
Mx[m+1,my2] —" Mx[m—1,m ="

Absorbing the exponential factor and squaring gives

mn & >c¢ max Q |, (11)
Mx[m+1,m+2] =" Mx[m—1,m "

where ¢ > 0 is an absolute constant.
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The main theorem
The estimates

The main result Existence and convergence to a point
Rescaling and asymptotic sphericity

Estimating the maximum in (11) implies the recurrence relation

1—ami<—-c(l—am)+(1—amn) <1 —-c)(1—amn).
Since aym < 1 observethat1 —c>0andso1—-c < (0,1).
lterating the recurrence relation, we have, for
C=(1—-ay)e(0,1)andy=—log(1—c) € (0,),
0<1—amy <(1—0c)"(1—ap) = (1—ap)e™91=¢) < Ce™™,
This holds for t € [m, m+ 1] and implies, for all t > 0,

&

O<1—min(~i§Ce‘7’.
M Fe

This implies, in turn, for all £, uniform exponential convergence

of % to 1, a value of the ratio that is obtained only on a
sphere. O
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