WEEK 07

If G is a group and z, y € G then it is not necessarily true that zy = yz. If x and
y do satisfy this condition we say that they commute. For example, the elements (1,2)
and (1,3) in the group Sym(3) do not commute, whereas the elements (1,2)(3,4) and
(1,3)(2,4) in the group Sym(4) do commute:

(1,2)(1,3) = (1,2,3),  (1,3)(1,2) = (1,3,2);
((1,2)(3,4))((1,3)(2,4)) = (1,4)(2,3) = ((1,3)(2,4))((1,2)(3,4))-

Similarly, in the group of all 2 x 2 invertible matrices over R, it is easily checked that
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Definition. A group G is said to be Abelian (or commutative) if xy = yx for all z, y € G.

Let G be a group with n elements, z1, o, ..., T,, and form the multiplication table
in which the rows and columns correspond to x1, 2, ..., T, taken in that order. Then
the (7, j)-entry of the table—that is, the entry in row 7 and column j—is the product z;x;,
while the (j,7)-entry contains the product z;x;. We conclude that the group is Abelian if
and only if the (7, j) and (j,4) entries of the multiplication table are equal for all values of
¢ and j. Thinking of the table as an n x n matrix, the condition that the (7, ) and (j,1)
entries are always equal says that the matrix is symmetric. So finite Abelian groups can
be characterized in the following way.

A finite group is Abelian if and only if its multiplication table (thought of as a matriz)
18 symmetric.

(This characterization assumes that the same ordering of the elements of G is used
for the rows of the table as for the columns of the table.)

Ezample. Let a = (1,2)(3,4), b = (1,3)(2,4) and ¢ = (1,4)(2, 3), elements of Sym(4). We
noted above that ab = ¢ and ba = c. It is very easy to check that a®> = b? = ¢ = id.
It follows without further computation that ac = a(ab) = (aa)b = idb = b. Similarly,
be = b(ba) = (bb)a = ida = a. Similarly also, ca = ba® = b and cb = ab? = a. So we can
now fill in a multiplication table for the set H = {id, a, b, c}.

‘ id a b c
id|id a b c
ala id ¢ b
bl b ¢ id a

cle b a id

In particular, we find that the product of any two elements in H is also in H; so H is
closed under multiplication. The identity element is in the set H, and our calculations
have also shown that the inverse of every element of H. Indeed, each of the four elements
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of H has the property that its square is the identity, and this implies that each of these
elements is its own inverse. (Recall that y is called an inverse of z if zy = yx = id, and
in a group every element has a unique inverse. If 22 = id then 2y = yz = id holds with
y = x; so we can say that x = 271 whenever 22 = id.)

Since H is closed under multiplication, contains the identity and contains the inverses
of all its elements, it is a subgroup of Sym(4). It is Abelian: the table is symmetric about
the diagonal from the upper left corner to the lower right.

It is a familiar fact that the inverse of a product of two invertible matrices is the
product of the inverses, in the reverse order. The same is easily shown to be true also for
elements of arbitrary groups.

Proposition. Let G be a group and z, y € G. Then (zy)~! =z~ 1y~

Proof. Let e be the identity element of G. By associativity,

(zy)(y ) =z(yly le™)) = 2((yy Dz = 2(ex™) =zt =,
and similarly

(e (y) =y @ ay) =y (@ a)y) =y Hey) =y ly=e.
This shows that y~!'2~! is an inverse of zy. But inverses are unique; so it is the inverse
of xy. ([

As noted in a previous lecture, it follows from associativity of multiplication that,
in any group G, all possible bracketings of a product of several factors yield the same
element. This result, which is sometimes called the Generalized Associative Law, means
that there is no ambiguity involved in omitting the brackets from extended products.
Adopting this convention, it is clear that the above result about inverses extends to
products involving more than two factors: (zxs - - -acn)*l = :L‘fla:;il . -acl_l foralln >0

n
and z1, o, ..., T, € G.

In the example given above, once we had shown that ab = ba, we were able to deduce
readily that all elements of H commute with each other. This is because the elements
a and b generate H, in the sense that all the elements of H can be expressed in terms of
these two elements. It is a general fact that if a group is generated by a set of elements
that commute with each other then the group is Abelian.

Let us make more precise what it means to say that a set of elements in a group
generates that group.

Definition. Let S = {¢1,92,...,9r} be a subset of a group G. We define (S), or
(91,92, ---,9kK), to be the set of all elements of G of the form zixs---x,, where n is
a nonnegative integer and each factor x; is either an element of S or the inverse of an
element of S. That is, g € (g1, g2, ..., gk) if and only if there exists an integer n > 0 such

that g = ;' g;? -~ g;" for some iy, iz, ..., in € {1,2,...,k} and €1, €2, ..., &, € {1, —1}.
We say that S generates G, or g1, g, ..., gk generate G, if (g1,92,...,9x) = G.

Thus if a, b, ¢ € G, where G is a group, then (a, b, ¢) is the subset of G consisting of
all elements that can be expressed in terms of a, b and c. It contains, for example, the
elements ab, c"1ab~c and (ab)'"(ca)?, and also the identity element of G.
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In the case that S consists of a single element x, we see that (S) = (z) consists of all
the powers of z; it is the subgroup generated by the element x, as defined in a previous
lecture.

It is, indeed, a fact that (S) is always a subgroup of G, for any subset S of the
group G. A formal proof of this will be given below, but it is helpful to first observe that
(a,b,c) (as described above) is closed under multiplication. It is immediately apparent
that this is true: if g, h € G can both be expressed in terms of a, b and ¢, then so can gh.
For example, the product of ¢ tab~'c and (ab)!"(ca)?, namely ¢ tab~lc(ab)'"(ca)?, is
just as obviously an element of (a,b,c) as the the separate factors are.

It will be convenient to use the following notation: if S is a subset of a group G, let
S71 ={g7 '] g€ S}. Using this, the definition of (S) can be stated as

() ={x1wy- 2y |n>0and z; € SUS ! foralliec {1,2,...,n}}.

Proposition. Let S be a subset of a group G. Then (S) is a subgroup of G.

Proof. Let g, h € (S). Then there exist nonnegative integers n and m, and elements
21, Ta, ... Tpand Y1, Yo, ..., Ym in SUS L such that g = 120z, and h = Y142 - - - Y-
We see that gh = (x122 - ) (y1Y2 - - - Ym) is an element of (S), since every factor in this
expression for gh lies in the set S U S™1. So the product gh is in (S) whenever g and h
are both in (S); that is, (S) is closed under multiplication.

The identity element of G lies in the set (.S), since by definition the product x1z2 - - - z,,
equals the identity if n = 0. (Empty products, like 2°, are always defined to be the identity
element. This ensures that equations like (2122 2p)(Tpp1Tnt2 Tm) = T1T2 - Ty
remain valid in the case n = 0. But if you do not like this then you can always regard it
as a special definition that the identity element is in the set (S). This applies even if the
set S itself is empty.)

In the previous two paragraphs we have shown that (SG1) and (SG2) are satisfied
by (S), and so it remains to show that (SG3) is satisfied also. Now if g € (S) then
g = w129 -1, for some n > 0 and some x; € SUS~!. Since g = x129--- 2, gives
gt =x; et -2yt and since 2; € SU ST gives 21 € SUST! also, it follows that
g~ € (S). So (S) contains the inverses of all of its elements, as required. O

In view of the above proposition, we shall henceforth refer to (S) as the subgroup
generated by S.

In the syntax of MAGMA, if a group G and elements a, b and ¢ have been defined, then
sub < G | a,b,c > constructs the subgroup of G generated by a, b and c. Similarly,
if S is a subset of G then sub < G | S > constructs the subgroup generated by S. For
example, in the following MAGMA session we construct a certain subgroup of Sym(11) and
find out how many elements it has of various orders.

> G :
>M
> #M;
7920
>8S11 :={ g : gin M | Order(g) eq 11 };
> #511;

1440

Sym(11);
sub< G | (1,10)(2,8)(@3,11)(5,7), (1,4,7,6)(2,11,10,9)>;




> S8 :
> #S8;
1980
> S6
> #36;
1320
> S5
> #S5;
1584
> 5S4 .
> #3534,
990

> S3
> #S3;
440

> S2 .
> #S2;
165

> S1
> #S1;
1

> #S1+#S2+#S3+#HS4A+#SH+#S6+#3S8+#S511;
7920

{g: gin M | Order(g) eq 8 };

{g: gin M | Order(g) eq 6 };

in M | Order(g) eq 5 };

I
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{g:gin M | Order(g) eq 4 };

{g: gin M | Order(g) eq 3 };

{g: gin M | Order(g) eq 2 };

{g:gin M | Order(g) eq 1 };

The translates of a subset of a group

Let G be a group and W a subset of G. If x € G define

Wze={wzx|weW}
and
W ={z2w|weW}.

Thus Wz is the set of all elements of G obtained by multiplying elements of W by z, on
the right hand side. The set Wx is called the right translate of W by x. Similarly, W
is called a left translate of W. Note that when G is Abelian, the right translates and left
translates of W are the same; however, when G is not Abelian they need not be.

Ezample 1. Let G = R?, considered as a group under addition, and let

Wz{(i)‘(x—2)2+y2<1}.

3> , where we have identified R?

The diagram below shows the set W and the set W + (O
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with the Euclidean plane in the usual way. The set W + (?)) is obtained by moving, or
translating, W three units to the right.

@ &

Ezample 2. Let G = R? again, and this time let W be the y-axis: the set of all points
with zero x-coordinate. Then

()10 o))l ven)

a line parallel to the y-axis. Observe that in this case no two distinct right translates
of W have any points in common. We shall show later that the translates of a subgroup
always have this property, whereas distinct translates of other subsets can have points in
common.

Ezample 3. Let G = Sym(4) and let H be the subset of G consisting of all permuta-
tions o € G such that 47 = 4. It is easy to find all the elements of H; indeed,

H ={id, (1,2),(1,3),(2,3),(1,2,3),(1,3,2)}.
The right translate H(1,4) = {h(1,4) | h € H } is found to be

{(1,4),(1,2,4),(1,3,4),(1,4)(2,3),(1,2,3,4),(1,3,2,4) }.

Proposition. Let W be a finite subset of the group G, and let x be any element of G.
Then the sets W and Wx have the same number of elements.

Proof. Consider the function ®: W — Wz defined by ®(w) = wz for all w € W. It is
immediate from the definition of Wx that ® is onto: if z is an arbitrary element of Wax
then z = wx = ®(w) for some w € W. Furthermore, ® is also one-to-one. To see this,
suppose that wy, wy € W satisfy ®(wy) = ®(wz). Then wi;z = wyx. Multiplying both
sides of this equation on the right by ! gives wizz~! = wozz ™!, and so

1

1 — Wo XL ~ = Woe = W3.

wp = wie = Wixxr

Thus we have shown that for all wy, wy € W, if ®(wq) = ®(w2) then wy = wo; that is, ®
is one-to-one, as claimed.

Since the function ® is one-to-one and onto it establishes a one-to-one correspondence

between the sets W and Wxz. So the sets W and Wx have the same number of elements.
O



We remark that for infinite sets A and B it is usual to intepret the statement that A
and B have the same number of elements as meaning that it is possible to find a one-to-
one correspondence between the two sets. Thus in the proposition above the assumption
that W is finite is unnecessary: the proof as given applies equally well when W is infinite.
However, in this course we do not wish to become involved with the theory of infinite
numbers, and so most of the time we shall consider only finite groups.

Let G be a finite group. We shall investigate the following question: given a fixed
subset W of G, how many distinct right translates of W are there?

Ezxample. Let G and H be as in Example 3 above. It turns out that there are exactly
four distinct sets of the form Hzx, where x € G. There are 24 possible choices for the
element x, since G has 24 elements, but the corresponding sets Hx are not all distinct
from one another. Indeed, each of the four translates occurs for six different values of x,
as indicated in the table below. In each row of the table the elements of Wx are listed
in the order idz, (1,2)z, (1,3)z, (2,3)x, (1,2,3)x, (1,3,2)z. But a set is not altered by
re-ordering its elements, and it can be seen that the first six values of x below give the
same set Wz, as do the next six, and so on.

(1,2)(3,4) (3,4  (1,4,3,2) (1,2,4,3) (2,4,3)  (1,4,3) } | (1,2)(3,4)
(1,4,3)  (1,2,4,3) (3,4  (1,4,3,2) (1,2)(3,4) (2,4,3) } (1,4,3)
(2,4,3)  (1,4,3,2) (1,2,4,3)  (3,4) (1,4,3)  (1,2)(3,4)} (2,4,3)
(1,2,4,3)  (1,4,3)  (2,4,3) (1,2)(3,4) (1,4,3,2)  (3,4) } | (1,2,4,3)
(1,4,3,2)  (2,4,3)  (1,2)(3,4) (1,4,3) (3,4)  (1,2,4,3)} | (1,4,3,2)

Wax T
{ id (1,2) (1,3) (2,3) (1,2,3) (1,3,2) } id
{ (1,2 id (1,3,2) (1,2,3) (1,3) (2,3) } (1,2)
{ (1,3) (1,2,3) id (1,3,2) (1,2) (2,3) } (1,3)
{ (2,3) (1,3,2) (1,2,3) id (1,3) (1,2) } (2,3)
{ (1,2,3) (1,3) (2,3) (1,2) (1,3,2) id } (1,2,3)
{ (1,3,2) (2,3) (1,2) (1,3) id (1,2,3) } (1,3,2)
{ (1,4) (1,2,4) (1,3,4) (1,4)(2,3) (1,2,3,4) (1,3,2,4)} (1,4)
{ (1,2,4) (1,4) (1,3,2,4) (1,2,3,4) (1,4)(2,3) (1,3,4) } (1,2,4)
{ (1,3,4) (1,2,3,4) (1,4) (1,3,2,4) (1,2,4)  (1,4)(2,3)} (1,3,4)
{(1,4)(2,3) (1,3,2,4) (1,2,3,4) (1,4) (1,3,4) (1,2,4) } (1,4)(2,3)
{(1,2,3,4) (1,3,4) (1,4)(2,3) (1,2,4) (1,3,2,4) (1,4) } (1,2,3,4)
{(1,3,2,4) (1,4)(2,3) (1,2,4) (1,3,4) (1,4) (1,2,3,4) } (1,3,2,4)
{ (2,4 (1,4,2)  (1,3)(2,4) (2,3,4) (1,4,2,3) (1,3,4,2)} (2,4)
{ (1,4,2) (2,4) (1,3,4,2) (1,4,2,3) (2,3,4)  (1,3)(2,4)} (1,4,2)
{(1,3)(2,4) (1,4,2,3) (2,4) (1,3,4,2) (1,4,2) (2,3,4) } (1,3)(2,4)
{ (2,3,4) (1,3,4,2) (1,4,2,3) (2,4) (1,3)(2,4) (1,4,2) } (2,3,4)
{(1,4,2,3) (1,3)(2,4) (2,3,4) (1,4,2) (1,3,4,2) (2,4) } (1,4,2,3)
{(1,3,4,2) (2,3,4) (1,4,2)  (1,3)(2,4) (2,4) (1,4,2,3) } (1,3,4,2)
{ (3,4) (1,2)(3,4) (1,4,3) (2,4,3) (1,2,4,3) (1,4,3,2)} (3,4)
{
{
{
{
{
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The subset H in this example is in fact a subgroup of G. So if x € H then it follows from
the fact that H is closed under multiplication that hz € H for all h € H. Thus the set
Hx = {hz | h € H} must be a subset of H. But the proposition we proved earlier tells
us that Hx has the same number of elements as H, which in this case is 6. So Hx = H
whenever x € H. The first six rows of the table confirm this.

More generally, it can be checked from the table that Hy = Hx whenever y € Hzx.
Thus, for example, the six elements of H(1,4) are (1,4), (1,2,4), (1,3,4), (1,4)(2,3),
(1,2,3,4) and (1,3,2,4), and the table indicates that

H(1,4) = H(1,2,4) = H(1,3,4) = H(1,4)(2,3) = H(1,2,3,4) = H(1,3,2,4).

We shall show later that this property (Hy = Hx whenever y € Hz) holds in general
whenever H is a subgroup of G.

If W is a nonempty subset of a group G we define the right-stabilizer of W to be the
set Stab(W) ={ge G| Wg=W }.
Proposition. Let G be a group, and let W be a nonempty subset of G. Then Stab(W)
is a subgroup of G.
Proof. Let e be the identity element of G. Obviously We = {we | w € W} = W; so
e € Stab(W). Thus (SG2) holds for Stab(W).

Let x, y € Stab(W) be arbitrary. Then Wax = W and Wy = W. It follows easily
from associativity of multiplication that W (zy) = (Wx)y; so

W(zy) = Wa)y =Wy =W,

and we conclude that xy € Stab(1¥). We have shown that the product of any pair of
elements of Stab(W) is always an element of Stab(W); that is, (SG1) holds.
Let x € Stab(WW) be arbitrary. Then W = Wz, and so

Wzt = (Wx)z™! = W(zaz™) = We=W.

Thus =1 € Stab(W). Since this holds for all x € Stab(W), we have shown that (SG3)
holds.
Since (SG1), (SG2) and (SG3) all hold, Stab(1¥) is a subgroup of G, as required.
(]

Example. Let G be a cyclic group of order 6, generated by t. Thus G = {e, t, 2,3, ¢4, t°},
with t =10 = e. Let W = {¢,#3,¢*,¢5}. Multiplying on the right by ¢ we find that

We = {t,t*,t*t°},

Wt = {t*,t3,1, ¢},

Wit = {t3,t1 e, t},

Wit = {t*,45 1, 1%},

Wt = {2, e, 2,3},

Wt° = {e,t,t3,t*}.

Thus we see that Stab(W) = {e, t3}. It is trivial to confirm directly that this is a subgroup
of G, the principal point being that t3t3 = e.
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We need a notation for the number of elements in a set, and for convenience we shall
adopt MAGMA’s notation.

Notation. If S is a finite set then #S denotes the number of elements of S.

Recall that we are seeking a general method of determining the number of right
translates that there are for a given nonempty subset W of a finite group G. For every
x € G there is a right translate, Wx, but we have seen by example that the number
of distinct sets Wx is not necessarily the same as the number of choices for z, since
repetitions can occur. To obtain the correct answer for the number of distinct sets Wa
we need to determine precisely how much repetition there is.

Let z, y € G. If Wa = Wy then right-multiplying by x~! gives Waz~! = Wyz ™!,
and thus

W=We=Wzz~! =Wyz L.

Conversely, if W = Wyxz~! then right-multiplying by z gives
Wz =Wyz 'a = Wye = Wy.

So Wa = Wy if and only if Wyxz~—! = W. Since Stab(W) is the set of all elements s such
that Ws = W, we see that W = Wy if and only if yz—! = s for some s € Stab(W). But
yr~! = s implies y = sz (right-multiplying by ), and conversely y = sx implies yr~! = s

(right-multiplying by = !). So we have proved the following fact, valid for all z, y € G:
Wy =Wz if and only if y = sz for some s € Stab(W). (1)

If z is fixed then the number of distinct elements of G of the form sx for some
s € Stab(W) is precisely #Stab(W), since if s;2 = sox then right-multiplying by z~!
gives s;1 = s2. So it follows from (1) above that for each x € G there are precisely
#Stab(W) elements y € G such that Wy = Wz. So now we know precisely how much
repetition there is: as x runs through all the elements of G, each distinct set Wx occurs
#Stab(W) times. So the number of such sets is #G, the number of choices for x, divided
by #Stab(V), the number of times each separate translate is obtained. Thus we have
proved the following theorem.

Theorem. If W is a nonempty subset of the finite group G, then the number of right
translates of W in G is #G /#Stab(W), where Stab(W) is the right-stabilizer of W in G.

Example 1. In the last example above, we had G = {e, t,t%,t3,t* 1%}, so that #G = 6, and
we found (for the set W under discussion) that Stab(W) = {e, ¢}, so that #Stab(W) = 2.
According to the above theorem we should find that #W has exactly 6/2 = 3 right
translates. Our calculations above do indeed confirm this: the three distinct translates
of W are

We =Wt = {t,t*,t*,t°},
Wt =Wit* = {e, 2, 3,1},
Wit2 = Witd = {e, t,t3,t1}.
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Example 2. With G as above, let W = {e,t?,t}. We find that

We = {e, t* t*},
Wt = {t,t3,t°},
Wit = {t?,t* e} = We,
Wt = Wet = Wt,
Wt = Wt? = We,
Wt* =Wet = Wt.
Thus Stab(W) = {e,t?,t*} has three elements, and #G/#Stab(W) = 6/3 = 2. So

according to the theorem there should be exactly two right translates of W, and indeed
the calculations show that this is the case, the translates being {e, 2 t*} and {t,t3,t°}.

In the second of these two examples we again had a situation in which the subset
whose translates were being considered was in fact a subgroup. Examination of this
example, as well as the earlier example dealing with the right translates of a subgroup of
Sym(4), will confirm the following.
If W is a subgroup of G then
1) Stab(W) =W,
2) no two distinct right translates of W have any elements in common, and
3) every element of G lies in exactly one right translate of W.

We shall prove later that this is true in all cases.

Cosets
The translates of a subgroup, being somewhat special, are given another name.

Definition. If W is a subgroup of the group G then the right trnslates of W by elements
of G are called the right cosets of W in G. Similarly, the left translates of W by elements
of G are called the left cosets of W in G.

Ezample. Let G = Sym(3). It is trivial to check that the set K = {id, (1,2)} is a subgroup
of G. We determine the right cosets of K in G.

K = Kid = {id, (1,2)},
K(1,3) = {id (1,3), (1,2)(1,3) = {
{

1 (1,
K(2,3) = {id (2,3), (1,2)(2,3)

1
(2,

There are three cosets, with two elements each, accounting for all six elements of G.

) (1,2,3)},

3), (1,2,
3), (1,3,2)}.

The parity of a permutation

It is sometimes convenient to represent a permutation o of {1,2,...,n} by means of
a diagram, constructed as follows: draw two rows of dots labelled 1, 2, ..., n, and for
each ¢ draw a line from the dot in the upper row labelled i to the dot in the lower row
labelled 7.
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Let us consider the number of times that lines in this diagram may cross. Consider,
in particular, the lines that start at the points labelled ¢ and j, where ¢ < j. There
are essentially two different situations that may arise: either i < j%, or j7 < i°. The
following diagram illustrates the latter case.

1 2 i J n—1 n

vl ol

! Lo

1 2 §° i n—-1 n

The initial and final points of the line L; joining j to j7 are on opposite sides of the line
L; joining i to ¢7. Consequently L; and L; must cross each other an odd number of times.
By altering the way the diagram is drawn it is possible to arrange that they only cross
once, or that they cross 3 times, as in the diagram, or some larger odd number of times,
but since their initial and final points are determined, the number of times they cross is
inevitably odd. (The lines are not allowed to go outside the horizontal strip between the
two rows of dots.)

A similar situation would arise if ¢ < j?, but in that case the number of times L;
and L; cross would have to be even (possibly zero).

It follows that no matter how one redraws the diagram, the total number of times
that lines cross each other can only be varied by an even number. If the total number
of crossings is even, it remains even, and if the total number is odd it remains odd, no
matter how one attempts to redraw the diagram.

Definition. We say that a permutation o of {1,2,...,n} is even if an associated diagram
has an even number of line crossings, or odd if an associated diagram has an odd number
of crossings. We define (o) =1 if o is even, (o) = —1 if ¢ is odd.

It is not hard to see that the following statement is equivalent to the definition given:
o is even if the total number of pairs (i, j) such that i < j and i > j7 is even, while o is
odd if the total number of such pairs is odd.

,10,



	The translates of a subset of a group
	Cosets
	The parity of a permutation

