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Appendix A. Singular perturbation expansion for linear problem

In this Appendix, we apply singular perturbation theory to obtain one order higher than the usual averaging
limit. We recall the linear model (2.1)—(2.2)

dx = (anx + a2y) dt + 0,dW,, (A1)
1 o
dy = ;(aglx + agy) dt + 7ygdWy, (A2)

for a slow variable x € R and fast variable y € R. Here, W,, W, are independent Wiener processes and
the parameter e characterizes the time scale gap. We assume throughout that o,,0, # 0 and that the

eigenvalues of the matrix
ari ai2
A =
la la
021 <022

are strictly negative, to assure the existence of a unique invariant joint density. Furthermore we require
a = ay — (112(12_21(121 < 0 to assure that the leading order slow dynamics supports an invariant density
(cf.(A11)). The probability density function of the system (A 1)-(A 2) satisfies a Fokker-Planck equation,

9 1 * *
Ep(xayat) = E‘Cop(‘rayat) + ‘Clp(‘rayat)v (A 3)

where
L* __ﬂ((a T+ assy) )_’_102_2
0¥ = oy 21 2Y)¥) T35 Yy ©,
Lip =g (one + o)) + goi 5 (A4)
1P = o 11 12Y) @ 5 I(%c?(p'
The probability density function is expanded according to
p(wayat):p0+€p1+62p2+.... (AE))

Substituting the series (A 5) into the Fokker-Planck equation (A 3), and collecting orders of €, we obtain
at lowest order, O(1/e),

Lipo = 0. (A6)
Since the fast dynamics is ergodic, there exists a unique solution to (A 6),

pO(za yvt) - poo(y; z)ﬁ(x,t),
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with poo (y; ) given by,

~2
a2y . az1
poo(y;w)fxeXp( 5 ) y=y+—u, (AT)
Jy a9
At the next order, O(1), we obtain
* a *
Lip1 = —zp0 — Lipo. (A8)

ot

To assure boundedness of p; (and thereby of the asymptotic expansion (A 5)) a solvability condition has to
be satisfied prescribed by the Fredholm alternative. Equation (A 8) is solvable only if the right-hand-side
is in the space orthogonal to the (one-dimensional) null space of the adjoint Ly of £§. The adjoint to the
Fokker-Planck equation is called the backward-Kolmogorov equation and propagates expectation values;
hence ergodicity of the fast dynamics implies that the infinitesimal generator £y has constants as the only
kernel modes. The solvability condition for (A 8) therefore reads as

0
d (— .y ) -0, A9
/ y ggPo — Liro (A9)
which yields the evolution equation for p
0 0 1, 02
—p=——(azxp)+ =0 =—=p- Al
1P = "5y (@2P) + 505 55p (A10)
The associated averaged Langevin equation
dX = aXdt + o,dW,, (A11)

supports an invariant measure provided @ < 0. The solution of the reduced Fokker-Planck equation (A 10)
is

pa,t) o< exp (_%rx(—t)Q) , (A12)
where
o2 (t) = —2E(1— ™)

To capture diffusive effects of the fast variable we perform here the perturbation theory one order
higher. The solvability condition (A 9) assures that the O(1) equation (A 8) can be solved for p;. In order
for pg + €p1 to be a density we require the necessary condition on p;

/dxdypl =0. (A13)

After lengthy algebra, we find

2 2 2 2
prlay.t) = ([Pt 20200, (W20 D0Tay gy Ty g

0'5(122 0'50,%2 0'5(122 (1220',;1 2a99
a12 2@210‘2 - .
212 = 25150, 5w, 1) + R(x.1) ) poc (45 ), (A14)
a22 a220

where R(x,t) lies in the kernel of £} and will be chosen to satisfy the condition in (A 13), which reduces
to.

/daz R(z,t) =0. (A15)
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The function R can be determined by requiring that the solution p; satisfies the solvability condition of
the next order, O(e),

* a *
Lop2 = 501 = Lipy, (A16)
that is,
0
[ av(m - £im) =0, (A17)
Substituting (A 14) to (A 17), we obtain
0 0 . 1, 02 a12021 . afa0y  ajpan o2
—R+ — (a2R) — =02 =R = Oz (zp L 2 O p A18
ot + ox (azR) 277 952 a3, ad:(zp) + ( 2a3, a3y )Oazp, ( )

the solutions of which can be found by a self-similarity ansatz, R(z,t) = o ()~ f(£), where £ = zo(t)~1.
After some algebra, we find a solution that satisfies the condition in (A 15),

a1202

.t Y —anao®(t))(

R(z,t) = —5=2—(—asi02 + — Dp(a, t). (A19)

o2a3y 2 o(t)

It is not too difficult to check that (A 14) with (A 19) satisfies the constraint in (A 13). Furthermore, we have
E,, (z) = [ dxdyx pi(x,y) = 0, which implies that the O(e)-correction does not contribute a correction to
the mean of x when compared to the averaged system (A 11).

Appendix B. Convergence of solutions for the linear system

We formulate the following convergence result.

Theorem 0.1. Consider the linear multi-scale system (A 1)-(A2). Assume that the matriz A has negative
eigenvalues and that a = a11 — a12a2_21a21 < 0. Let x¢ be the solution of (A1)-(A2) and X be the solution
of the reduced equation,

dX = aX dt + o, dW, — Ve, ~2dW,, (B1)

a2

corresponding to the same realizations W, W, and the same initial condition x(0) = X(O) Then the error
e(t) = x°(t) — X (t) is bounded for finite time T by

E( sup |e(t)|2) < e, (B2)
0<t<T

Proof. We follow the general line of proof as outlined in Pavliotis and Stuart (2008), and extend the results
of Zhang (2011) to the next order. Consider the slow drift term f(z,y,t) = a112+a12y and the averaged slow
vector field F(x) = ax where we recall @ = a1 — a12a2_21a21 < 0. Introducing the infinitesimal generators
Lo and £ as the formal L2-adjoints of the operators (A 4), consider the following Poisson equation,

£0¢($7y5 t) = f($7y> - F(ZL') =anr+ a2y — (NISC, (B 3)

for smooth functions ¢ satisfying (¢),.. = [¢(x,y,t)peo(y;2)dy = 0. The existence of solutions to the
Poisson equation is assured by a Fredholm alternative since (f — F), = 0. Using It6’s formula we write

dp 1 . oy .
prie 6£0¢ + L1¢ + 050,0W,, + \/gayquy. (B4)
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Combining (B3) and (B4), we deduce that

f(z,y) = F(z) — ea, yqﬁW —l—e(d(b L1 — UzaquWm) (B5)

and substituting this equality into the slow equation (A 1), we obtain

dr = F(x)dt + 0,dW, — /o, dW, + e(d¢ — L1 — axamv'vz)dt. (B6)

In the case of our linear system (A 1)-(A2) we find ¢(y) = 12y as a solution of the Poisson equation (B 3)
and find

12 a2dWy i (B7)

dz® = az dt + 0,dW, — /eo oy 7

Note that this equation is simply a rewrite of (A 1) where we replace the fast variable y using (A 2). We
have

Ad¢ = (1) — 6(0) = — Z2(y(t) — y*(0).

ds as9

Integrating (B7) and (B1), we obtain the solution of the full system

z(t) = z°(0) —l—d/o x(s)ds —i—az/ AW, \/_aya12/0 dw, — eg(yﬁ(t) —y°(0)) (B8)

a2 a22

and of the reduced system
B B t t as [*
X(t)=X(0)+a X(S)dSJrO'I/ szf\/Eoya—/ dwy, (B9)
0 0
respectively. Defining the error e(t) = z¢(t) — X (t) with e(0) = 0, we have

wrﬁA e(s)ds — X2 (y* (1) — y*(0),

a2

such that upon using the triangle inequality we obtain the bound

]E( sup |e(t)|2) §2(/OTE( sup |e(s)|2)ds+81E( sup |y€(t)fy€(0)|2)). (B10)

0<t<T 0<t<T 0<t<T

The upper bound in (B 2) is obtained upon using the Gronwall lemma and by applying the result in Zhang
(2011),

E( sup [y (1)) < Olog(Te ™)), (B11)

0<t<T

O

We remark that extensions to the multi-dimensional case can be readily made provided there are suitable
non-degeneracy conditions for the noise.
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Appendix C. First and second order statistics of the reduced model with
additive and multiplicative noises

In this Appendix we compute the first and second order statistics of the reduced stochastic model in (D 1)
with initial condition U(tg) = Up. Define

T(s,t) = / Ads’ + \/E(dj—:dWW(s’) —At—s)+ \/E;—z(Wv(t) CWL(s)) = At — ) + T (s, 1),

where
Jw (s,t) = Ve (W, (t) — W, (s))
(JW(S’t» =0

Var(Jw (s,1) = (Jw (s, 1)?) = e%(t ).

The explicit solution for (D 1) can be written as follows,

t

t
U(t) = e/t —|—/ (b+ f(s))e 7V ds + au/

to to

=A+B+C+D.

t
eiJ(S’t)qu(s) + \/E%/ ef'](s’t)de(s)
b Jtg

Therefore, we can compute the mean, the variance and the covariance
(U®) = (4) +(B), (C1)
Var(U(t)) = (JU®)*) — [{U®))?
Cov(U(t),U(1)") = (U(t)*) — (U(1))*,

where

(U@®))
(U?)

Now we are going to compute each term in the right hand side of (C1), (C2), and (C3). In all of these
computations, we will use the fact that

(|AP%) + (IBI*) + (|C*) + (ID|?) + 2Re[(A* B)] (C2)
(A?) + (B?) 4+ 2(AB). (C3)

bz> _ <Z>eb(m)+%Var(m)

(ze

(zweb®) = ((z) (w) + cov(z, w*))eb@”%‘/‘"(z),

for any constant b, assuming that the real valued Gaussian random variable z is independent of both
complex valued Gaussian random variable z and w.
We find that

(A) = e*j\(tfto)<UOe*Jw(t0,t)> _ 675\(:5 to) (Us) —Jw (to, t)>

(e
A7) (t—to)

<m|4 S

_ <UO>€—&(t—to)+%Var(JW(s,t)) _ <U0>e(

<B> :/t (IA)—i-f(s))e_;\(t_t‘))(e_JW(s’t)>d5:/ (I;—i-f(s))e

to

<|A|2> _ e—2%(t—t0)<|UO|26—2JW(s,t)> _ (|<U0>|2 +V(IT(U0)) ( ’Y+€ )(t to)
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(1B]*) = /tt /tt ((G+ £ne ) (b + fir)e D)) dsar,

t t . R
_ / / (|I;|2 + l;f(r)* + l;*f(s) + f(s)f(r)*)672&t+/\5+)\*r<67.]w(s,t)fJW(r,t)> ds dT’,
to Jto

o

t Lo ~ ~ RO 5—3 —r—s+2min(t—r,t—s
:/ / (B + A" +51(s) + F(s) ()7 )eriehnion b (ormssmmterial 4
to Jto

3

Using the It6 lemma, we deduce:

t 2 ., o
<|C|2> _ O’i/ 6_2,?(t_s) <6_2JW(s’t)>d5 _ Ju - (1 _ 62(_'Y+€d_’2’;")(t—t0))
to 2(7’3/ =+ 63})
2
(G P— U )
= —
AN+ o)
N t N
(A"B) = €_A*(t_t°)(U5>/ (b+ f(s))e Mimto) (= w o= Twlst)) g, (C4)
to

where

<€—JW (to,t)—JW(s,t)> — e%Var(.](to,t))-l-%Var(J(s,t))-i—Cov(J(to,t)J(s,t))

_ %%[(t—to)+(t—s)+2min(t—to,t—s)] _ g%[(t—to)w(t—s)}, ©5)
since tg < s < t. Substituting (C5) into (C4), we obtain
—924 sﬁ — t N kﬁ —s
(arpy = L HEE)C t°)<Ug>[/ G+ f(s)e 2" ’ds] (C6)
to

Following the same procedure, we obtain

2

< “AteZ2) (t—
<A2> _ 672)\(t7t0)<U02€72JW(s,t)> _ (<U0>2 + CO’U(UO, UO*))€2( + d,,)(t to)

) t )
(AB) = e*A(t7t0)<Uo>/ (b + f(s))e Mtmto) (e=Iwtot)=Tw(s:t)) g

to
(725\+§Z—§)(t7t0) L. 3—;;—5(&5)
= Ay [ [ ppe” Y a]
to

v - [ t / (b4 5 0) (64 £ ) dsdr

_ / | / LB B+ B(s) + F() () e (o (0= (0 i
to

to

K K 3 5 5ﬁ —r—s+2min(t—r,t—s
:/ / (7 4+ B5(6) +B5(5) + f(5) ()=t Amedrgh 3 (rormssaminines]
to

to

Appendix D. Convergence of solutions for the nonlinear system

Theorem 0.2. Consider the SPEKF model in (3.1). Assume that f(t) is bounded, =, = —n'Aere%”— <0

for 1 <n <4, and ¥ has sufficient decay of correlations. Let u¢ be a solution of (3.1) and U be a s&ution
of

dU . . N . .
= —()\+\/E%WV)U+b+f(t)+auWu+\/E%Wb, (D1)
y b
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where \ = ¥ — iw, corresponding to the same realizations W, Wy, W, and the same initial condition
u®(0) = U(0). Then there is a constant C(e,T) such that the error e(t) = u(t) — U(t) is bounded for finite
time T by

20.2

52
E(OE?ET |e(t)|2) < cé? (C‘(e, T)+ CUZ?;V Tlog(1 + efldwT))eC(lﬂé)T. (D2)

Proof. Following the proof of Theorem 0.1, we solve the following Poisson problem for ¢,
Lop = F1(u,b,7) — Fi(u) = —Fu + b, (D3)
[ [ etub i) b =0, (1)

where Fy(u) = —(3+ Nu+b—+b+ f(t) and Fy(u) = —Au+b+ f(t) are the drift terms of the slow dynamics
n (3.1) and of the reduced model in (D 1), respectively. One can verify that

(b(uvb”?) = 7 T3 (D 5)

is a solution for the Poisson problem in (D 3)-(D4). Applying the Ité-formula we obtain

d 1 5 .
9 _ Lot o+ Lo, -

. Oy
——W w.
dt ¢ d, \mb “L“fd7 v
and subsequently, we can rewrite (D 3) as follows
~ _ d O~ -
Fi(u,b,7) = Fi(u) + Lop = Fi(u) + e(d—(f — Elqb) — ed ouW, + \/_ Wb \/Eud—va
2l 2l
Substituting into the slow equation in (3.1), we have
du’ _ Fy(u€) + o, Wy + \/E(@W — w2, ) +e((d¢6 — L1¢°) — ia W, ) (D6)
di 1 uVVu )\b b d,y ¥ dt 1 d,y uVVau |-

The solutions of the full model (D 6) is given by

ué(t)uﬁ(oH/O (Xuﬁ(s)+5+f(s))ds+au/o qu(s)+\/E;—Z/O de(s)\/zZ—:/O ue(s)dW, (s

t S€(s
o) -0 (0) ¢ [ Fiur(s) T
0 dr
and the solution of the approximate model (D 1) is given by

U(t)U(O)+/O(5\U(s)+l;+f(s))ds+au/0 qu(s)Jr\/EiZ LW (s Ve /

Defining e(t) = u(t) — U(t) and e(0) = 0, we obtain upon using the triangle inequality

E(oz?£T|e(t>|2) §4(/OTE|6( |2ds+e E’/ / W, (5)dW, (')
29T W (8)dW, (5) ) (D7)
where
o(T) EE(OiltlgT (1) / Fi(s zl—sds‘ ) (D8)
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By It6 isometry, (D 7) becomes

E( sup |e(t)|2) < c((l + 6;—3) /OT Ele(s)|? ds + €20(T) + 620_3 TE|7(5)|2ds)

0<t<T a3 Jo
o2 T 0252
< c((l +e—) / Ele(s)[* ds + €20(T) + Ce*—LTlog(1 + eild,YT))),
2’ J, )
where we use Lemma 3.5 in Zhang (2011),
52
E( sup |7(t)|2) < O log(1+€7'd, 1), (DY)
0<t<T y
Provided (t) decorrelates sufficiently fast and additionally =, = —n¥ + en®03/(2d2) < 0 is satisfied,

moments up to order-n are bounded (see Appendix D in Branicki and Majda 2013). Since 6 in (D8) is a
function of as high as fourth order moments, our assumptions guarantee that there is a constant C(e, T)
such that 6(T) < C(e, T). Subsequently, the main result in (D 2) is obtained upon employing the Gronwall
lemma. O

The upper bound in (D 2) is not tight since we don’t have an explicit expression for C as a function of
e. Figure 5 suggests that (at least for the parameters chosen therein) that C' ~ O(e71).
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