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Abstract

The Littelmann path model gives a realization of the crystals of integrable representations of sym-
metrizable Kac-Moody Lie algebras. Recent work of Gaussent and Littelmann [S. Gaussent, P. Littel-
mann, LS galleries, the path model, and MV cycles, Duke Math. J. 127 (1) (2005) 35-88] and oth-
ers [A. Braverman, D. Gaitsgory, Crystals via the affine Grassmannian, Duke Math. J. 107 (3) (2001)
561-575; S. Gaussent, G. Rousseau, Kac-Moody groups, hovels and Littelmann’s paths, preprint, arXiv:
math.GR/0703639, 2007] has demonstrated a connection between this model and the geometry of the loop
Grassmanian. The alcove walk model is a version of the path model which is intimately connected to the
combinatorics of the affine Hecke algebra. In this paper we define a refined alcove walk model which en-
codes the points of the affine flag variety. We show that this combinatorial indexing naturally indexes the
cells in generalized Mirkovi¢—Vilonen intersections.
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1. Introduction

A Chevalley group is a group in which row reduction works. This means that it is a group with
a special set of generators (the “elementary matrices”) and relations which are generalizations of
the usual row reduction operations. One way to efficiently encode these generators and relations
is with a Kac—Moody Lie algebra g. From the data of the Kac—Moody Lie algebra and a choice
of a commutative ring or field F the group G(IF) is built by generators and relations following
Chevalley—Steinberg—Tits.

Of particular interest is the case where F is the field of fractions of o, the discrete valuation
ring o is the ring of integers in IF, p is the unique maximal ideal in o and k = o/p is the residue
field. The favorite examples are

F=C(2)), o=C[t1, k=C,
F=Q,, 0="17Zp, k=T,
F=F,(), o=TF,[], k=TF,,

where Q,, is the field of p-adic numbers, Z,, is the ring of p-adic integers, and F, is the finite
field with g elements. For clarity of presentation we shall work in the first case where F = C((¢)).
The diagram

- G = GCOy

Ul Ul
ul gives K = GCItH =25 G(©) (1.1
o Y ko ul Ul N ul

I = ev(B(©) == B(0)

where B(C) is the “Borel subgroup” of “upper triangular matrices” in G (C). The loop group is
G = G(C(1))), I is the standard Iwahori subgroup of G,
G(C)/B(C) is the flag variety,
G/1 is the affine flag variety, and G/K is the loop Grassmanian. (1.2)

The primary tool for the study of these varieties (ind-schemes) are the following “classical”
double coset decompositions, see [St, Ch. 8] and [Macl, §(2.6)].

Theorem 1.1. Let W be the Weyl group of G(C), W=Wx hz, the affine Weyl group, and U~ the
subgroup of “unipotent lower triangular” matrices in G(F) and F)'i the set of dominant elements
of bz. Then

Bruhat
decomposition G= |—| Buws, K= |_| Twl,
weW weW
Iwahori _
decomposition G= |—|~ Twl, G= |_l U,
weW veW
Cartan _ Iwasawa
decomposition G= I—l KiK. G= I—l Ut K, decomposition.
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It should be stressed that we have, intentionally, not given precise definitions of the objects
in Theorem 1.1. Even in the classical case, the definition of hz in Theorem 1.1 is sensitive to
small changes in the definition of G (center, completions, etc.) and there are subtleties in making
these definitions correctly in general. These issues are partly treated in [Gal, Theorem 14.10,
Lemma 6.14], [Ga2, Theorem 1.8], [GR, Remark 6.10] and [BF, Proposition 3.7].

In this paper we shall refine the Littelmann path model (in its alcove walk form, see [Ra]) by
putting labels on the paths to provide a combinatorial indexing of the points in the affine flag
variety. This combinatorial method of expressing the points of G /I gives detailed information
about the structure of the intersections

U vINTwl withv,weW. (1.3)
The corresponding intersections in G/K have arisen in many contexts. Most notably, the set of

Mirkovié-Vilonen cycles of shape )" and weight " is the set of irreducible components of the
closure of U7 t,vKNKt)vK in G/K,

MV (1Y), =ln(U-t, K NK6vK),

and

when k =T, Card(;/K(UitMvKﬂKt)th) is

(up to some easily understood factors) the coefficient of the monomial symmetric function m v
in the expansion of the Macdonald spherical function P,v.

Sections 2—6 give elementary treatments of Borcherds—Kac—Moody Lie algebras, Chevalley
groups, the flag variety, loop groups and affine flag varieties. With future developments in mind
we have presented this material in the context of loop groups of symmetrizable Kac—Moody
groups. In spite of the generality in Sections 2—6, the main results of this paper, given in Section 7,
are only for loop groups of finite dimensional Chevalley groups. We do have some results in the
more general case, but the restrictions of time and space have forced us to postpone the exposition
of these results to a future paper.

2. Borcherds—Kac-Moody Lie algebras

This section reviews definitions and sets notations for Borcherds—Kac—Moody Lie algebras.
Standard references are the book of Kac [Kac], the books of Wakimoto [Wak1,Wak?2], the survey
article of Macdonald [Mac3] and the handwritten notes of Macdonald [Mac2]. Specifically, [Kac,
Ch. 1] is a reference for Section 2.1, [Kac, Chs. 3 and 5] for Section 2.2, and [Kac, Ch. 2] for
Section 2.3.

2.1. Constructing a Lie algebra from a matrix

Let A = (a;;) be an n x n matrix. Let

r =rank(A), £ =corank(A), sothat r+{¢=n. 2.1)

By rearranging rows and columns we may assume that (a;;)1<;, j<r 1 nonsingular. Define a
C-vector space

b’ has basis hy, ..., h,, and

_ /
h=bh &0, where 0 has basis dy, ..., dy.

2.2)
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Define «y, ..., a, € h* by

ai(hj)=a;; and o;(d;)=235;,1;, (2.3)
and let
h'=b/c, wherec={hebh' |a;j(h)=0forall 1 <i<n}. (2.4)
Letcy,...,c¢ € b’ be a basis of ¢ so that hy,...,h,,c1,...,ce,di,...,d; is another basis of
and define «1, ..., k¢ € h* by
ki(hj)=0, ki(cj)=26;j, and «k;(d;)=0. (2.5)
Then a1, ..., oy, k1, ..., k¢ form a basis of h*. Let a be the Lie algebra given by generators
h,et,...,en, f1,..., fn and relations
[h,h'1=0, lei, fj1=23ijhi, [, ei]l =ai(h)e;, (7, fil=—a;(h) fi, (2.6)

for h,h' € h and 1 < i, j < n. The Borcherds—Kac—Moody Lie algebra of A is
g= E, where t is the largest ideal of a such that t N h=0. 2.7
T

The Lie algebra a is graded by

n
0= ZZai, by setting deg(e;) = «;, deg(f;) = —a;, deg(h) =0, (2.8)

i=1
for h € h. Any ideal of a is Q-graded and so g is Q-graded (see [Mac2, (1.6)] or [Mac3, p. 81]),

g=g0D (@ga>, where gy = {x € g| [, x] = a(h)x}, and

a€R

R={a|a#0and g, #0} isthe setof roots of g. 2.9)

The multiplicity of a root & € R is dim(g,,) and the decomposition of g in (2.9) is the decompo-
sition of g as an h-module (under the adjoint action). If

nt is the subalgebra generated by ef, ..., e,, and
n~ is the subalgebra generated by fi,..., fu,

then (see [Mac3, p. 83] or [Kac, §1.3])

g=n"@h®dn" and bh=go, nt = @ O n = @ g, (2.10)
aeRT a€RT
where

n
R*=0'NR with 0" =) Zzoa. (2.11)

i=1
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Let ¢ and 0 be as in (2.2) and (2.4). Then

0 acts on g’ = [g, g] by derivations, c=Z(g=2Z(),
g=n"@®hdn" =a/r=g %0,
g=n"@®h®n" =[g gl
i=n"@®hent =g/ 2.12)
and g’ is the universal central extension of g’ (see [Kac, Exercise 3.14]).
2.2. Cartan matrices, sly subalgebras and the Weyl group
A Cartan matrix is an n X n matrix A = (a;;) such that
aij €%, a;=2, a;<0 ifi#j, a;#0 ifandonlyif aj; #0. (2.13)
When A is a Cartan matrix the Lie algebra g contains many subalgebras isomorphic to sl,. For
1 <i < n,the elements ¢; and f; act locally nilpotently on g (see [Mac3, p. 85] or [Mac2, (1.19)]
or [Kac, Lemma 3.5]),

span{e;, fi, hi} =sl, and 5 =exp(ade;)exp(—ad f;)exp(ade;) (2.14)

is an automorphism of g (see [Kac, Lemma 3.8]). Thus g has lots of symmetry.
The simple reflections s;: h* — h* and s;: h — b are given by

six=A—Ahj)a; and sih=h—a;(h)h;, forl <i<n, (2.15)
A eb* heb,and
Sige =95« and S;h=s;h, foraeR, heb.

The Weyl group W is the subgroup of GL(h*) (or GL(h)) generated by the simple reflections.
The simple reflections on h are reflections in the hyperplanes

b = {h e e =0}, and =" =[p".
i=l1

The representation of W on h and h* are dual so that

A(wh) = (w_lk)(h), forwe W, reb*, heh.

The group W is presented by generators s1, ..., s, and relations
Slzzl and SiSjSi"’Zstisj"‘ (216)
N—— —

mj; factors m;;j factors
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for pairs i # j such that g;ja;; <4, where m;; =2,3,4,6if a;ja;; =0, 1, 2, 3, respectively (see
[Mac2, (2.12)] or [Kac, Proposition 3.13]).
The real roots of g are the elements of the set

n
R = U Wa;, and Rijm= R\Ry (2.17)
i=1

is the set of imaginary roots of g. If « = we; is a real root then there is a subalgebra isomorphic
to slp spanned by

ew=Wei,  fa=wf, and hg=wh;, (2.18)

~1is a reflection in W acting on b and h* by

and sy = ws;w
Sgh=A —A(hg)a and sqh=h —a(h)h,, respectively. (2.19)

Let hgr = R-span{hy, ..., h,.d1,...,ds}. The group W acts on hr and the dominant chamber
C={r"ebr|(e;,2")>0forall 1 <i<n} (2.20)

is a fundamental domain for the action of W on the Tits cone

X=|J wC={hebg| (e h) <0 forafinite number of € R*}. (2.21)
weW

X = b if and only if W is finite (see [Kac, Proposition 3.12] and [Mac2, (2.14)]).
2.3. Symmetrizable matrices and invariant forms
A symmetrizable matrix is a matrix A = (a;;) such that there exists a diagonal matrix
& =diag(ey,...,€,), € €R.g, suchthat A€ is symmetric. (2.22)
If (,):g x g — Cis a g-invariant symmetric bilinear form then
(hi by =(lei, fil. )= —(fi. lei, h]) = (fi, ai(h)ei) = ai(h) (ei, fi),
so that
(hi, h) =«a;(h)e;, wheree€; = (e, fi). (2.23)
Conversely, if A is a symmetrizable matrix then there is a nondegenerate invariant symmetric bi-
linear form on g determined by the formulas in (2.23) (see [Mac2, (3.12)] or [Kac, Theorem 2.2]).

If A is a Cartan matrix and (,): h x h — C is a W-invariant symmetric bilinear form then

(hi h) = —(sihi, h) = —(h;, sih) =— (hi, h — a; (W)hi) = —(hi, h) + i (h) (hi hi),



J. Parkinson et al. / Journal of Algebra 321 (2009) 3469-3493 3475

so that
(hi, h) =«a;(h)e;, where¢; = %(hi, hi). (2.24)
In particular, a; (hj)e; = (h;, hj) =(hj, h;) = o (h;)€; so that A is symmetrizable. Conversely,

if A is a symmetrizable Cartan matrix then there is a nondegenerate W-invariant symmetric
bilinear form on ) determined by the formulas in (2.24) (see [Mac2, (2.26)]).

If Xo € g Yo € g—o then [Xa, Yol €[ go» o] S g0 =b and (h, [Xa: Yal) = —([xa, h], yo) =
a(h)(xq, Vo), so that
[Xa: Yol = (Xa, Ya)hy, where (h, hy)=a(h) forall h € b, (2.25)
determines by € . If & € Ry and ey, fy, hy are as in (2.18) then
ha =lea. fal = (€a. fadhy and (eq. fa) = 3{ha. ha). (2.26)
Let
a = (eq, fa)o = %(ha, he)a  sothat o(h) = (h, hy). (2.27)
Use the vector space isomorphism

*

n n
') toidentify V=Y Zh and Q"= Za) (2.28)
i=l1

\%
i=1

1111

R R oI

and write
Ao =py) A =rey + 4 e and =k A+ + Ay, (229)
3. Steinberg—Chevalley groups

This section gives a brief treatment of the theory of Chevalley groups. The primary reference
is [St] and the extensions to the Kac—Moody case are found in [Ti].

Let A be a Cartan matrix and let Ry be the real roots of the corresponding Borcherds—Kac—
Moody Lie algebra g. Let U be the enveloping algebra of g. For each @ € Ry, fix a choice of e,
in (2.18) (a choice of w). Use the notation

xo() =explteg) =1 +¢ +lt2e2+lt3e3+--- in U]
A A TR TR THRC ’ '

Then

Xo () xq(m) = xq (@ +u) inU[t, u]l.
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Following [Ti, 3.2], a prenilpotent pair is a pair of roots o, 8 € R such that there exists
w,w € W with

wa,wp € R, and w'e,w'fe—RL.

This condition guarantees that the Lie subalgebra of g generated by g, and gg is nilpotent. Let
a, B be a prenilpotent pair and let e, € go and eg € gg be as in (2.18). By [St, Lemma 15] there

are unique integers C;é such that

Xo (1)xg(u) = xg(U)Xq ()Xot (C;:/lgtu)xga_,_ﬂ (Ci:;t2u)xa+2ﬂ (C;:éutz) e

Let F be a commutative ring. The Steinberg group
St is given by generators xq (f) for o € Ry, f € IF,

and relations

Yo (f)Xa(f2) = Xa(f1 + f2), fora € R, and 3.1

Yo (f1)2(f2) = x5 (f2)Xe (1) Xt (Co p f1.12) X201 (Cot p S S2) X428 (Co 5 f117) -
(3.2)

for prenilpotent pairs «, 8. In St define
ne(8) = Xa(9)x—o (=g xa(g),  na=ne(l), and hev(g) =na(9ing', (3.3)

for @ € R and g € F*. Let hz be a Z-lattice in h which is stable under the W-action and such
that

hz 2 QY, where Q¥ =Z-span{hy,..., h,}
with &y, ..., h, asin (2.2). With
T given by generators v (g) for AV € bz, g € F*, and relations
hyv(g1)hyv(g2) = hyv(g182) and  hyv(@)h,v(8) = hyv v (8), (3.4)
the Tits group
G is the group generated by St and T

with the relations coming from the third equation in (3.3) and the additional relations

o (@)X (N (@) =x0 (% f) and  nihyv (9)n; ' = kv (g). (3.5)
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For a, B € Ry let €45 = %1 be given by
Sa(eg) =e€qpes, 5, where 5, =exp(adey) exp(—ad f) exp(adey)
(see [CC, p. 48] and [Ti, (3.3)]). By [St, Lemma 37] (see also [Ti, §3.7(a)])
na(@)xp(Nna(@) ™ =xep(caps™ V). hv@xp(Hhav (@) =xp(s 7 ). 3.6)
and
na(§)hi (§)na ()™ = hy,av (8). (3.7)

Thus G has a symmetry under the subgroup

N generated by T and the ny(g) for & € Ree, g € F*. (3.8)

If IF is big enough then N is the normalizer of T in G [St, Exercise (b), p. 36] and, by [St, Lemma
27], the homomorphism

N — W

is surjective with kernel 7. (3.9)
ng(g) —> Sq

Remark 3.1. (See [Ti, §3.7(b)].) If hz = QV and the first relation of (3.5) holds in St then there
is a surjective homomorphism v: St - G. By [St, Lemma 22], the elements

nehyv (9ng ' he v (e)™h and  ng(9)ng 'hev (g)™!

automatically commute with each xg(f) so that ker(y) € Z(St). In many cases St is the univer-
sal central extension of G (see [Ti, 3.7(c)] and [St, Theorems 10, 11, 12]).

Remark 3.2. The algebra g’ = [g, g] in (2.12) is generated by ey, @ € Re. A g'-module V is
integrable if ey, o € Rye, act locally nilpotently so that

xq(c) =exp(cey), fora € Ry, ceC, (3.10)

are well defined operators on V. The Chevalley group Gy 1is the subgroup of GL(V') generated
by the operators in (3.10). To do this integrally use a Kostant Z-form and choose a lattice in
the module V (see [Ti, §4.3—4.4] and [St, Ch. 1]). The Kac—Moody group is the group Ggy
generated by symbols

Xq(c), o€ Rpe,ceC, withrelations xy(c1)xq(c2) = xq(c1 + ¢2)
and the additional relations coming from forcing an element to be 1 if it acts by 1 on every
integrable g’ module. This is essentially the Chevalley group Gy for the case when V is the
adjoint representation and so Ggy C Aut(g’). There are surjective homomorphisms

St(C) » Ggm — Gy .

See [Kac, Exercises 3.16-3.19] and [Ti, Proposition 1].
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Remark 3.3. [St, Lemma 28] In the setting of Remark 3.2 let 7y be the subgroup of Gy gener-
ated by hyv(g) for & € Ree, g € F*. Then

(,a)) (w.0) _ 1

halv (81) - hay(gn) =1 ifandonlyif g, R for all weights p of V,

(B.)) o)
Z(Gy) = {hyy (g1) -+ hay (gn) | g g — 1 forall B e R},
and if [F is big enough
Ty = {hyy (g1) - hay (gn) | 81+, 80 €F*},
where a)lv, ..., ) is a Z-basis of the Z-span of the weights of V [St, Lemma 35].
4. Labeling points of the flag variety G/B
In this section we follow [St, Ch. 8] to show that the points of the flag variety are naturally
indexed by labeled walks. This is the first step in making a precise connection between the points
in the flag variety and the alcove walk theory in [Ra].
Let G be a Tits group as in (3.5) over the field F = C. The root subgroups
Xy ={xa(c)| c€C}, fora € Ry, satisfy wXpw ™ = Xyp, 4.1)
for w € W and B € Rye, since hyv (¢) Xghov (o)~ '= Xp and naXﬁngl = X, . As a group A&y is
isomorphic to C (under addition).
The flag variety is G/ B, where the subgroup
B is generated by T and x4 (f) fora € R;f, f € C. “4.2)
Let w € W. The inversion set of w is
Rw)={aeR!|w'a¢ R} and €(w)=Card(R(w)) 4.3)

€

is the length of w. View a reduced expression w = s;, - - - 5;, in the generators in (2.16) as a walk
in W starting at 1 and ending at w,

L — 85, —> 8i1Siy —> =+ —> 8i; = Si, = W. 4.4)
Letting x; (¢) = x4, (¢) and n; = ngy, (1), the following theorem shows that
BwB = {x,-1 (cl)n;llxiz(cz)ni;] "'xie(cﬁ)nile ’ Cly...,Cg € (C} 4.5)

so that the G/B-points of BwB are in bijection with labelings of the edges of the walk by
complex numbers cy, ..., cg. The elements of R(w) are

ﬂl =y, ﬂzzsila,-2, ey ﬁgzsil e Sip 1 %y (4.6)
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and the first relation in (3.6) gives
xiy (comn; xiy (e xiy (cony ' = xp, (Fer) -+ xp, (e, (4.7)

-1

_ o1
Wherenw—nil ceng

Theorem 4.1. (See [St, Theorem 15 and Lemma 43].) Let w € W and let ny, be a representative
ofwin N. If

Rw)={Bi1,...,Be} then {xﬂ] (c1) -+ xg,(cony | Cly...,Ct € (C}
is a set of representatives of the B-cosets in BwB.

Proof. The conceptual reason for this is that

BwB = ( ]_[ XO,)an:nw( ]_[ Xw1a>< ]_[ Xw1a>B

aeR;'e' w*1a¢R;g w*laeR;g
=nw< I1 Xw_1a>B=< I xa)an
wla¢RE a€R(w)

= {xﬁ, (c1)---xg,(co)ny B | Cly...,Cg € F}
Since R;f may be infinite there is a subtlety in the decomposition and ordering of the product
of A, in the second “equality” and it is necessary to proceed more carefully. Choose a reduced
decomposition w =s;, - --s;, and let By, ..., B¢ be the ordering of R(w) from (4.6).
Step 1. Since R(w) C R/ there is an inclusion

{Xﬁl (c1)---xg,(co)nyB i Cly...,Cg € (C} C BwB.

To prove equality proceed by induction on £.

Base case: Suppose that w =s;. Leta € R;f and ¢,d € C. If ¢ =0 or «, «; is a prenilpotent
pair then, by relation (3.2),

Xo(d)xg; (€)n; ' B =xq;(c)n;' B, for some ¢’ € C. (4.8)
If o, & is not a prenilpotent pair and ¢ # 0 then «, —«; is a prenilpotent pair and, by (3.2),
Xo (d)Xq; (c)n;1 B =xq(d)x—q; (cfl)B =X_q; (07])3 = Xq, (c)n;1 B.

Thus {xq, (c)nJTlB | c € C} is B-invariant and so Bs; B = {xq; (c)nlle | c € C}.

Induction step: If w =s;, ---s;, is reduced and if £(ws;) > £(w) then, by induction,
Bws;B C BwB - Bs;B = {xﬂ] (c1)---xg, (Cg)xwaj (c)nwn;IB | Cly...,C¢,CE IF‘}

so that Bws; B = {xg, (c1) -+ xpg,,, (cex+1)nws; B | c1, ..., coq1 € C} with Be11 = wa;.
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Step 2. Prove that BwB = BvB if and only if w = v by induction on £(w).

Base case: Suppose that £(w) = 0. Then BwB = BvB implies that v € B so that there is a
representative 7, of v such that n, € BN N. Then vR; C R since n,Xyn;' = X, € B for
o € RY.So £(v) =0. Thus, by (2.16), v=1.

Induction step: Assume BwB = BvB and s; is such that £(ws;) < £(w). Since BvB -
Bs;B C BvB U Bus; B (see [St, Lemma 25]),

BwsjB C BwB -Bs;B=BvB-Bs;jBC BuvBU Bvs;B=BwBU Bvs;B.

Thus, by induction, ws; = w or ws; = vs;. Since ws; # w, it follows that w = v.

Step 3. Let us show that if xo, (cl)nfl] e X, (ce)nleB = Xo;, (c’l)nfl] X, (cé)nleB, then
ci=c;fori=1,2,..., L. The left hand side of

-1 -1 -1 7y, —1
Xa (cz)ni2 S X, (Cg)nie B =n;x;, (c’l — cl)ni1 S X, (cl)ni[ B

isin Bsj, -+ 5;, B. If c/1 # c1 then ni_llx,'1 (¢} —c1)ni, € Bs;, B and the right hand side is contained
in

ni_llxi] (c/1 — cl)nilBs,-2 ---5;,BC Bs;B-Bs;,---s;,B=Bs;, ---s;,B.
By Step 2 this is impossible and so c/1 = c1. Then, by induction, cl’. =cifori=1,2,..., L.

Step 4. From the definition of R(w) it follows that if , 8 € R(w) and o + 8 € Ry thena + 8 €
R(w) and if &, B € R(w) then «, B form a prenilpotent pair. Thus, by [St, Lemma 17], any total
order on the set R(w) can be taken in the statement of the theorem. O

Remark 4.2. Suppose that A € h* is dominant integral and M (1) is an (integrable) highest weight
representation of G generated by a highest weight vector v;“. Then the set Bva;r contains the
vector wv;j‘ and is contained in the sum @v>w 5 M (A), of the weight spaces with weights > wA.
This is another way to show that if w # v then BwB # Bv B and accomplish Step 2 in the proof
of Theorem 4.1.

5. Loop Lie algebras and their extensions

This section gives a presentation of the theory of loop Lie algebras. The main lines of the
theory are exactly as in the classical case (see, for example, [Mac2, §4] and [Kac, Ch. 7]) but,
following recent trends (see [Ga2], [GK], [GR] and [Rou]) we treat the more general setting of
the loop Lie algebra of a Kac—Moody Lie algebra.

Let go be a symmetrizable Kac-Moody Lie algebra with bracket [,]o: go ® go — go and in-
variant form (,)o: go X go — C. The loop Lie algebra is

go[t.t7']=C[r.t7']®c go with bracket [¢"x,"y], ="""[x, ylo.

for x,y € go. Let

g=go[t’t_l]®(cc®(:d’ g,=go[t’t_l]®(CC, g/=go[t,t_l]=_
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where the bracket on g is given by
[t"x, 1" y] =" [x, ylo + Smanomix, y)oc, c€Z(g),  [d."x]=mi"x. (5.1)

By [Kac, Exercise 7.8], ¢ is the universal central extension of §’. An invariant symmetric form
on g is given by

(c,d)=1, (c.t™y)=(d,1"y)=0, (c,c)=(d,d)=0, (5.2)
and
m n — <x1y)07 lfm+n:O’
<t x.1"y)= {0, otherwise, (5.3)

for x,y € go, m,n € Z.
Fix a Cartan subalgebra hg of go and let

h=ho®Cc®Cd, h =hy@®Cc, b =ho. (5.4)

Asin (2.2),let hy, ..., hy,d1, ..., dg be abasis of ho and let

{hi,...,hn,d1,...,dg,c,d} beabasisof h and
{wi,...,wy,81,...,8¢, Ag, 8} the dual basis in h* (5.5)

so that

5(ho) =0,  8(c)=0, 8d)=1, and
Ap(ho) =0, Ag(c) =1, Ao(d) =0. (5.6)

Let R be as in (2.9). As an h-module

g= (@9a+k8) 69(@ g;«s) ©bh, whereh=ho®CcdCd, (5.7)
aeR k€Z¢0
keZ
Gatks =1*0a. ks =1"ho, and R=(R+Z8)UZxs (5.8)

is the set of roots of g.
Let « € R with @« = we; and fix a choice of ey, f, and kg in (2.18) (choose w). Then

€—q+ks :tkfou S—atks :t_keou h—qtiks = —ho + klea, fa)oc, (5.9)
span a subalgebra isomorphic to sl,. If go =n, ® ho @ ng is the decomposition in (2.10) and

nt is the subalgebra generated by n(‘; and e_q s fora € Ree, k € Z~o, and

n” is the subalgebra generated by n, and f_q ks for & € Rye, k € Zo,
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then
g=n @®hednt withn =n§ 53] < @ g(x+k6> andn” =n;, @ < @ ga+k5>-
aeRU{0} a€RU{0}
keZ- keZ

The elements e_q ks and f_y4xs in (5.9) act locally nilpotently on g because f, and ey act
locally nilpotently on go. Thus

S_aqtks = exp(ad tkfa) exp(—ad t_keo,) exp(ad tkfa) (5.10)
is a well defined automorphism of g and
S—a+ksOp = Os_qisp AN S_aiksh = S_atksh, (5.11)
forhebhand B € R, where S—q+ks - 0* — b* and s_g44s 1 h — b are given by
S_gtksA =A —Alh_gips)(—a+k8) and s gipsh=h— (—a +k8(Wh_girs, (5.12)

for A € h* and h € h. The Weyl group of g is the subgroup of GL(h*) (or GL(h)) generated by
the reflections s_qy£s,

Watt = (S—q4ks | & € Ree, k € Z). (5.13)

Noting that h* = b5 ® CAo @ Cs and h = ho © Cc @ Cd, use (5.12) to compute

S—atks(V) = A+ A(ha)(—a + k8), S—atks(h) =h+a(h)(—ha + k{eq. fa)oc),
S_qiks(LAg) =LA — kl{eq, fu)o(—a + k&), S_qtks(mc) =mec,
S—atks(m8) =m8, S—atks (d) = d — k€(—hg + k{eq, fu)oC)

for A € b, h € o, m, € € C.For o € Ree and k € Z
define tyov € Watr bY S_g+ks = travS—as (5.14)

and use (2.26) and (2.27) to compute

trav (W) = & — A(khg)8, trav (W) = h — ka¥ (h)c,
trav (L Ag) =LA + lka — K%(kho,, khy)od, trev(mc) = mc,
tyev (M8) = m8, trov (bd) = €d + Lkhg — € (kho, khg)oc.

Then tgvtjpv (1) = ten, (A — A(jhp)8) = A — A(kha + jhp)8, and

tkavtjp (LAQ) = trav (LA0 + £jBY — L5 (jhp, jhp)od)
=L Ag + tha” — 03 (khq, kha)od + £jBY — LjBY (kha)§ — €3 (jhp, jhp)od
= Ao+ L(ka” + jBY) — L5 (kho + jhg, kho + jhg)os.
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This computation shows that fovtjgv = tiqv4 jgv. Thus, if Wy is the Weyl group of go and
Q* = Z-span{a/, ..., a, } then

Watr = {t)hvw | AeQtfwe W()} withtyvt,v =tyvy,v  and  why =t,vw,  (5.15)

for w e Wy, AV, u¥ € Q*.
Since C§ is Wyg-invariant, the group Wagr acts on h*/C8 and Wy acts on the set

(b5 + Ao +C8)/Cs  — b}

- o 1
A+ Ao+ Cs — A (5.16)
and the W,gr-action on the right hand side is given by
sa(M) =A —A(hg)a and  frev(M) =4 + ke, for A € . (5.17)

Here hg is a set with a Wyg-action, the action of Wyt is not linear.
6. Loop groups and the affine flag variety G /I

This section gives a short treatment of loop groups following [St, Ch. 8] and [Macl, §2.5 and
2.6]. This theory is currently a subject of intense research as evidenced by the work in [Ga2,GK,
Rem,Rou,GR].

Let go be a symmetrizable Kac—Moody Lie algebra and let hz be a Z-lattice in o that contains
QY =Z-span{hy, ..., h,}.

The loop group is the Tits group G = Gy (C((t))) (6.1)
over the field F = C((¢)). Let K = Go(C[[#]])) and Go(C) be the Tits groups of gg and hz over
the rings C[[]] and C, respectively, and let B(C) be the standard Borel subgroup of Go(C) as
defined in (4.2). Let

U~ be the subgroup of G generated by x_(f) for « € R}, and f € C((1)), (6.2)

and define the standard Iwahori subgroup I of G by

G = GoCy
Ul Ul
K = GoCIt) 22 Go©) (6.3)
Ul Ul Ul
I = e ,(B©) 5 BO).
The affine flag variety is G/1.
For a + jé € Rye + 73 and ¢ € C, define
Xatjs(€) =xg(ct!) and tv =hv (17, (6.4)

and, for ¢ € C*, define
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(6.5)

Rat 6 (€) = Xat js () X—a—js (=) Xas j5(0),
(6.6)

Ngtjs =Ngtjs(1), and hqjsv(c) = na+j5(C)n;J1rj5

analogous to (3.3).
The group
W= {twi ‘ 2ebz,we Wo} with fvt,v =tvy,v and whv =t vw, 6.7)

acts on b @ Cé by
v(u+k8) =vu+ks and fv(u+k) =pu+ (k— (1", u)s (6.8)
for ve Wo, AY € bz, u € b}, and k € Z. Then ng4 j5(c) = t_jovng (c) = ng(ct)),
naxpirs(ng ' =naxp(ct*)ng' = x5,p(€a,per’) = Xy (p4rs) (€a,p0)
for a € Rye, and, for AV € bz,
[V XB+ks (C)t;vl = XB4+ks (t_m’ﬂ)C) = X,y (B+k8) (€).
Thus the root subgroups
(6.9)

Xa+j5 = {xa+j5(c) | cEe (C} satisfy onH_jlgw*l = Xuw(+j5)
for w e W and a + J8 € Rye + Z6. These relations are a reflection of the symmetry of the group

G under the group defined in (3.8):
N = N(C((1)) generated by ny(g), h;v(g), for g € C(1)*, (6.10)

a € Ry, and AV € hz. The homomorphism N — Wy from (3.9) lifts to a surjective homomor-

phism (see [Macl, p. 26 and p. 28])

~ ~

N — W
Ng+js —> t_jqvse  With kernel H generated by h,(d), d € Cle1™.
hv 1)

Define
(6.11)

Rl =(RE+Z>08)U(—R: +Z-08) and RY=-RL+1Zs

so that

Xyjs €1 ifandonlyif o+ jeR., and
(6.12)

Xy+js CU™ ifandonlyif o+ jseRY.

Note that RL 1 (—RL) = RU LI (—=RY) = Ry + Z5.
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7. The folding algorithm and the intersections U~ vI N ITwl

In this section we prove our main theorem, which gives a precise connection between the
alcove walks in [Ra] and the points in the affine flag variety. The algorithm here is essentially
that which is found in [BD] and, with our setup from the earlier sections, it is the ‘obvious one.’
The same method has, of course, been used in other contexts, see, for example, [C].

A special situation in the loop group theory is when g is finite dimensional. In this case, the
extended loop Lie algebra g defined in (5.1) is also a Kac—-Moody Lie algebra. If G is the Tits
group of gg and G = Go(C((?))) is the corresponding loop group then the subgroup I defined
in (6.3) differs from the Borel subgroup of the Kac—-Moody group Gy, for g only by elements
of T, and the affine flag variety of G coincides with the flag variety of Ggas. Thus, in this case,
Theorem 4.1 provides a labeling of the points of the affine flag variety.

Suppose that g is a finite dimensional complex semisimple Lie algebra presented as a Kac—
Moody Lie algebra with generators e, ..., e, fi,..., fu, A1, ..., h, and Cartan matrix A =
(@i (hj))1<i,j,<n- Let ¢ be the highest root of R (the highest weight of the adjoint representation),
fix

€y €9y, f(p €EP—p such that <e(pv f¢’>0 =1,

and let
€0 =e_gt5 =1fo, fo=foprs=1""eg, ho = leo, fol = [tx_g,t"'xy] = —hy +c,

as in (5.9). The magical fact is that, in this case, g = gol[?, e CcpCdisa Kac—Moody Lie
algebra with generators e, ..., ey, f0, ..., fus ho, ..., Iy, d and Cartan matrix

AW = (o (h))) where ag = —¢ + 8 and ho = —h, +c, (7.1)

0<ijsn’

where § is as in (5.6) (see [Kac, Theorem 7.4]).
The alcoves are the open connected components of

hr\ U H_qyjs, where H_oyjs={x" ebr|(x, a)=j}.
—a+j8eR],
Under the map in (5.16) the chambers wC of the Tits cone X (see (2.20) and (2.21)) become the
alcoves. Each alcove is a fundamental region for the action of Wy on hr given by (5.17) and

Wasr acts simply transitively on the set of alcoves (see [Kac, Proposition 6.6]). Identify 1 € Wt
with the fundamental alcove

Ag={x" ebr |{x", ;) > 0forall0<i <n}
to make a bijection

Watr <—> {alcoves}.
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For example, when go = sl3,

H(Yz—|-6 H(Yz H—C\{Q—"(S H—az—l-‘%d H—(12+55

RAVAVAVIVAVAY

H, (7.2)

KPP IS N

The alcoves are the triangles and the (centers of) hexagons are the elements of QY.
Let w € W,gr. Following the discussion in (4.4)—(4.6), a reduced expression w = s;, - - - 5j, is a
walk starting at 1 and ending at w,

VN NN NN NN N N NN

/NN /N /N /N /N /N /N /N /N /N /N A

Hp, Hp, Hg,
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and the points of

Twl = {xil (cl)ni_llxi2 (cZ)nl._z1 e X, (cg)ni_ell | Cly...,Cf € (C} (7.3)
are in bijection with labelings of the edges of the walk by complex numbers cy, ..., c¢. The
elements of R(w) = {1, ..., B¢} are the elements of R/, corresponding to the sequence of hy-

perplanes crossed by the walk.
The labeling of the hyperplanes in (7.2) is such that neighboring alcoves have

H’U()Lj -
v vs; Withva; € RrIe if v is closer to 1 than vs;. (7.4)

The periodic orientation (illustrated in (7.2)) is the orientation of the hyperplanes H, s such
that

(a) 1is on the positive side of Hy for o € R,

(b) Hy+is and Hy have parallel orientations.

This orientation is such that

“U . i Hya,
vaj € R, ifandonlyif | — | +us;. (7.5)

Together, (7.4) and (7.5) provide a powerful combinatorics for analyzing the intersections
U~vl N ITwl. We shall use the first identity in (3.3), in the form
Xa (c)n;1 =X_qg (c_1 )xa (=¢)hgv(c) (main folding law), (7.6)
to rewrite the points of 7w/ given in (7.3) as elements of U~ v/. Suppose that
Xi, (cl)n;1 Xy (ce)nl-;1 =xy,(c]) - xy, (cp)nvb, wherebel, (7.7)

-1 —1 : pU
g ooeng ifv=sj -5 is a reduced word, and yy, ..., yr € Ry so that

Xy, (€¢]) -+ xy,(cy) € U™. Then the procedure described in (7.8)~(7.10) will compute ¢;_, € C,

ve Wyrand ny =n
b € 1,v' € Wyt and yp41 € RY so that

-1 —1 —1 / / /

xiy (enmyy i (eomy, e @n7 =y, (eh) -+ 3y, (¢)) Xy (CopImarh.

Keep the notations in (7.7). Since bx; (c)n;1 € Is;I there are unique ¢ € C and b’ € I such
that bx; (c)n;1 =x; (E)n;lb’ and

-1 -1 -1 -1
)c,-l(q)nil -~-xié(c’g)nil xj(c)nj =Xy, (c/l)~~-xw (cz)nvaj(c)nj

=Xy, (C/l) c Xy, (Cé)nvxj (E)nlflb/.
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_ - Hua, |
Case 1. If varj € RY, o~ | Tosjthen xy, (c)) - xy, (c)nyx; ©n; b’ is equal to

C
Xy, (ch) - xy, (c@)ij (£O)nys;b" € U vs; I N Tws;l.

In this case, y¢41 = vaj, v' = vs;, and

HL‘(YJ‘ Hvaj
o= | Tus; becomes o | Tusj- (7.8)
c +c
Hvaj

Case 2.1f va; ¢ RY and ¢ 0, ys,— | + . then
¢

Xy, (€]) -y (cp)nuxe; (5)n;1b’ =y, (c}) -+ Xy () mox—a; (67" )xa, (=Ohgy @b

=Xy, (c’l) Xy, (cg)nvx_aj (Eil)b”

=xy,(c}) -+ Xy, (})ypps (EE Myb” € UvI N Tws) I,

where y;+1 = —va;j and b = xqo, (—E)ha,y ©)b'. So
H’Uozj HUO‘J'
vs;— |+, becomes — ;U . (7.9)
¢ +& 1
HUOtj

Case 3. If va; ¢ RY and ¢ =0, vs;— | +,.then
0

Xy, (c1) -+ Xy, (62)”1))5&]' (O)n;lb/ =2y, (c}) -y, (CZ)n”x_“f (O)n}lb/

=xy, (€]) -+ Xy (1) Xy (O)nusjb’ eU vs;I Nlws;l,
where yp41 = —va;. So

H’Uaj H’Uaj
vs;— |ty becomes vs; = | - (7.10)
0 0

We have proved the following theorem.
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Theorem 7.1. If w € Wy and w = s;, - - - 5, is a minimal length walk to w define
.| labeled folded paths p of type w
Pw)y = { which end in v Jor v € W,

where a labeled folded path of type W is a sequence of steps of the form

Hvaj H'Uo‘j Hvaj
v | Tuss - ;U, vs;— | +, where the kth step has j = iy.
C c_l 0

Viewing U~ vI N Iwl as a subset of G/I, there is a bijection
PWw)y «<— U vINIwl.
Theorem 7.1 is a strengthening of the connection between the path model and the geometry

of the affine flag variety as observed, in the case of the loop Grassmannian, in [GL] and, in terms
of crystal bases, in [BG].

Remark 7.2. The paths in P(w), indicate a decomposition of U ~vI N Iwl into “cells,” where
the cell associated to a nonlabeled path p is the set of points of U~ vl N Iwl which have the
same underlying nonlabeled path. It would be very interesting to understand, combinatorially,
the closure relations between these cells.

8. An example

For the group G = SL3(C((1))),

1 ¢ 0 c 0 0 0 1 0

xal(c)=<0 1 0), halv(c):(O ! 0), n1=<—1 0 )
0 0 1 0 0 1 0 0 1
1 00 1 0 0 1 0 0

xaz(c)=<0 1 c), hazv(c)z(o c 0), n2=<0 0 1),
0 0 1 0 0 ¢! 0 -1 0

1 00 ¢l 0o 0 0 —!
xao(c)=<0 1 o), h%v(c):<0 1 0), n():(O 1 0 )
ct 0 1 0 0 ¢ t 0 0
Let w = 525150525051505250 and v = $2515052515250 so that
20 0 0 -1 0
w=<0 0 1) and v=<t2 0 O )
0 —t2 0 0 0 2

‘We shall use Theorem 7.1 to show that the points of JTwlI N U~ vl are

-1 -1 -1 -1 -1 -1 -1 -1 -1
xa(c)ny x1(c2)ny xo(c3)ng xa(ca)ny xo(es)ng x1(ce)ny xo(cr)ng xa(cg)ny xol(co)ng 1,
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with ¢y, ..., cg € C such that
c1=0, =0, 3=0, c1=0, ¢5#0, ¢cc=0, c7#0, Cch;]C3. (8.1)
Precisely,
X2(0)HEIX1(O)HTIXO(0)116IX2(0)HQIXO(05)HSIX1(O)HTIXO(C7)n61X2(CS)HEIXO(C;ICz;)nal

is equal to ugvobg, with ug € U™, vg € N, bg € I given by

1 0 0 0O 1 O
-1 -2 —1 )
ug=\_c5 —csc;cgt 1 0], v=[—-t- 0 O
cglc;lt_z 0 1 0 0 2
-1 -2 -1 -2 —-1.2 -2 -22
c5 —c57cy cgt  —csTey cg cs ey is
by = —1? csc7 + cst —c5 — ¢y cgt , (8.2)
-1 -1 -1 -1 -1 -1 -2
—C5 € £2 —C5 C7 €8 Cy +c5 ¢ “cgt

so that ug = x_g, (d1)X—¢(d2)X—a, —5 (d3) X —p—5(da) X—a) (d5) X, —26 (d6) X — 36 (d7) X~ +-5 (dg) -
X—a,—35(dg) with

di=dy=d3=ds=0, d5—C51, de =0, d7=C5_1C7_1, dg:—Cs_zc;ng, do =0.
Pictorially, the walk with labels ¢y, ..., co

AVAREAVARV/

(i i viva

becomes \W\/\

NA%/ AVA LAY,
\A/%\/\K ANO/NT/NTAN

the labeled folded path with labels dy, . .., do.
The step by step computation is as follows:

Step 1. If ¢; =0 then

xo(c)ny ' =x_g, ;' =ujviby, with

1 0 O
Ul =X_g,(0), v]=<0 0 —1), and b =1.

01 O
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Step 2. If ¢, = 0 then, since vix1(c2)v; ' = x4 (c2),

-1 -1 -1 .
uvibixi(co)n| = urxp(c)vin, by =ui1x_y(0)vin; by =uzvby, with

0 -1 0
Uz = 1 x_y(0), v2=v1n1_1=<0 0 —1> and by =1.
1 0 0

Step 3. If ¢3 = 0 then, since vaxq(c3)v, 1 Xay+s(—c3),

—1 —1 —1 .
upv2baxo(c3)ny = usXe,4+5(—c3)vany by =urx_qo,_5(0)van, by =uzvzb3, with
0 0 0

0O -1 0
U3z =urx_g,—500), vz = vzn(;l = <l‘ 0 0 ) , and b3=1.
0 0 ¢!

Step 4. If ¢4 = 0 then, since v3x2(ca)vy ' = Xgs(—ca),

~1 ~1 ~1 .
uzv3bsxa(ca)n,  =uszxpys(—ca)vin, bz =u3x_y s(0)vin, b3 =ugqvaby, with
2 2

0o 0 1
ug =u3x_y_500), v4:v3n2_1=(t 0 O) and by =1.
0 7' o0

Step 5. If ¢s # 0 then by the folding law and the fact that v4x_q, (c5 1)1)4_1 = X_q, (c5 1),

—1 —1 —1
Uavabaxo(cs)ng” = uavax—_ag(cs ) Xag(—cs)hgy (c5)bs = uax_g, (c5 ' )vabs = usvsbs,

where

st 00
Us = U4X—q (Cs_l), V5 = V4, and b5 = xao(_c5)ha(¥ (Cs)b4 = ( 0 1 0 ) .

—t 0 c5
Step 6. If ¢5 ' c6 = 0 (s0 ¢ = 0) then
u5v5b5x1(66)n1_1 = U5V5X1 (6‘5—166)}’11_117% =U5SX_qy—28 (0)v5n1_1bg = ugvebg,

with
0 0 1 1 0
U = usx_g,-25(0), Ve = v5n]_1 = ( 0 —t 0) and bg=bs= ( 0 cs_l
1

so that b5x1(c6)nf] =x (c;1c6)nf1b’5.

3491
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Step 7. If csc7 # 0 then, since vex—_q, (C)vg ' = X_g_25(c),

-1 —1 -1 -1
ueVebexo(c7)ny "~ = ugvexo(cscr)ng b = uevex—ay (5 7 ) Xag (—c5¢7)hyy (c5¢7)bg

-1 -1
= U6X—p—-25 (CS C7 )v6b7 = u7v7b7,

where
U7 =U6X_y_25 (c5_1c7_1), v7 =vg, and
s —1 0 = R |
by = ( 0 cs_l O) and b7 = xay (—c5¢7)hyy (csc7)bg = 0 cs_l o |,
0O 0 1 —cst t C5C7

so that bexo(c7)ng ' = xo(cser)ng ' by

2

Step 8. No restrictions on ¢y c;ICg. Since v7xq, (c)v;1 =X_g+5(—0),

—1 -2 -1 —1y/ -2 -1 —1y
u7v7b732(C8)n, :147v7)62(c5 ¢ Cg)n2 b7:u7x_al+5(—c5 ¢ Cg)v7n2 by = uguvgbg,

with

0O 1 0
ug=u7x_al+5(—65_2c7_lc8), v3=v7n2_1=<0 0 t), and

-1 -1 —1 -1 —1
, c —C5 ¢y cg c5 g
bg =by = —cst c5c7 + cgt —t ,
R P =212, - ) B
cs c7 cgt  c5°cy cgt cs c5°cq cg
-1 _ -2 —1 —1y
so that byxa(cs)n, ™ = xz(c5 "¢y cg)ny by
Step 9. If 6;16‘769 — c;]Cg =0(socg = c;lqg) then

-1 —1 -1 -1z —147
ugvgbgxo(co)n, = ugvgxo(c5 c7¢9 — C5 Cg)l’lo bg = ugx_a,-35(0)vsn,, bg = ugvgby
with ug, vg and bg as in (8.2).
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