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Abstract

We determine Lusztig’s asymptotic algebra for the second lowest two-sided cell A in the
equal parameter extended affine Weyl group B,, for all n > 2, realising it as a full matrix
algebra over the representation ring of Sp,,,_o(C) x Cy with Cs the group of order 2. Our
result is an explicit isomorphism of based rings, determining the image of each basis element
t, of the asymptotic algebra. As a consequence we verify that Lusztig’s original conjecture
from 1989 on the structure of the asymptotic algebra holds for this cell. A key ingredient in
our proof is a refinement of Shi’s description of Ay, giving an explicit parametrisation of the
elements of this cell (a cell factorisation). This cell factorisation simultaneously describes
all intersections of left and right cells, with uniqueness and length-additivity of expressions.
Applications include a classification of the involutions in Aj, and a calculation of the length
generating functions for A; and the right cells in A;.

1 Introduction

Two-sided Kazhdan-Lusztig cells in equal parameter affine Weyl groups are classified by unipo-
tent conjugacy classes in the corresponding complex dual group ([23, Theorem 4.8]). This
classification does not, however, provide explicit parametrisations of the elements of a cell or
determine its asymptotic algebra. The latter records the leading coefficients of Kazhdan-Lusztig
multiplication and retains the interactions between the left and right cells. Explicit descriptions
of these structures remain difficult outside affine type A, the lowest two-sided cell, and low-rank
cases (we will give a more precise survey of known results below).

In [23, Conjecture 10.5] Lusztig gave a conjectural description of the asymptotic algebra
associated to an equal parameter affine Hecke algebra. It is known that this conjectural descrip-
tion does not always hold (see [5]), and a weaker form of the conjecture has been proved by
Bezrukavnikov and Ostrik [3].

In this paper we study the second lowest two-sided cell A; in the equal parameter extended
affine Weyl group of type B,,, uniformly for all ranks n > 2. We refine Shi’s recent description [36]
of A; into a unique length-additive factorisation

Ay ={u'myv |u,v €B, A€ P}

(with notation to be introduced below) in which u and v identify the right and left cells. We
then show that this parametrisation realises the asymptotic algebra for this cell as a full matrix
algebra over the representation ring of Sps, o(C) x Cy (with Cy the group of order 2) with
ty—1m,o corresponding to Ey, ® [V)]. Thus the leading Kazhdan-Lusztig structure constants
within Ay are explicitly identified with tensor product multiplicities. This establishes Lusztig’s
original conjectural description of the asymptotic algebra for this cell, and gives a uniform model
beyond the lowest two-sided cell in affine type B.

We now introduce some notation and give an outline of Shi’s description of A; from [36]. We
use the standard Bourbaki conventions [8] for root systems ® of type B,,. Let Wy, Wag = Q x Wy,
and We = P x Wy be the spherical, affine, and extended affine Weyl groups, where () and P are



the coroot and coweight lattices of @, respectively. For ¢ € {0,1,...,n} let W; be the parabolic
subgroup generated by S, \{s;}, and let w; be the longest element of W;. For example, Wj and
Wy are of type B, and W, is of type D,,. Let Ag be the lowest two-sided cell, and let

B = {v & Wu | L(wpv) = L(wy) + £(v), wav & Ao, a(s;wpv) < (wy,) for 0 <i<n—1},

where a is Lusztig’s a-function. An element w = xw,y with z,y € Wy is called an extension
of wy, if {(w) = £(z) + €(wy,) + £(y). In [36] Shi gives the following description of the two-sided
cell A7 and the one-sided cells contained in Aj.

Theorem 1.1 ([36, Theorem 4.4, Proposition 5.9, and Corollary 5.10]). The two-sided cell Ay
consists of all extensions of wy, in Wext \Ao, and the right cells of Ay are the sets

o= {u'woy | y € Wexe, £(u" wyy) = £(u) + L(wy,) + £(y), u wy ¢ Ag}
with u € B, and if u,v € B with u # v then I'y, # .

The description in Theorem 1.1 is very elegant and parallels the description of Ay as all
extensions in Wey of wy from [30]. However converting Theorem 1.1 into a statement explicitly
listing the elements of A1, and each right cell I',,, appears to be a nontrivial task. For example, to
list the elements of I', one must explicitly determine all elements 3 € We, such that £(u ™ w,y) =
£(u) + £(wy,) + £(y) with the property that w = u~!'w,y cannot be written in the form w = awgb
with a,b € Wex with £(w) = £(a) 4+ €(wp) +£(b). Moreover, it is desirable to have a more explicit
description of the set B, and to be able to list the elements of I', N T';! for each u,v € B (these
intersections of right and left cells play an important role in Kazhdan-Lusztig theory, see in
particular [25]).

We now describe our results. Let A, be the closed region of R™ bounded by the hyperplanes
xn = 0 and x,, = 1 (this is the fundamental n-alcove in the language of [18, 24]). Let P, = PNA,
be the set of coweights contained in 4,. There is a natural action of a Weyl group G,, of type
Cn—1 (equivalently B, _1) on P,, and we write P, for a certain choice of orbit representatives
for this action. For each A € P, there is naturally associated an explicit pseudo-translation
Tx € Wext, and the set T,, = {7y | A € P,} is an abelian group acting on 4,,. For each A € P, let
m) denote the unique maximal length element of the double coset W, 7\W,,. It turns out that
mgy = my for g € Gy, and hence the elements m) are indexed by Pr.

Writing I' = T’y (with 1 € Wy the identity), we give the following explicit parametrisation
of the elements of Aj, each right cell I';, and each intersection I'y, N T'; L

Theorem 1.2. We have:
(1) Ay ={u"tmyv | u,v€B, A€ PF};
(2) each w € Ay has a unique representation as w = u~'myv with u,v € B and X\ € P;\;
(3) Ty ={u"tmy|veB, A€ P} =u'l};
(4) TuNTyt={u"tmyv | A e P} =u YT NT Y
(5) L(utmyv) = £(u) + £(my) + £(v) for all u,v € B and X\ € P;.

In particular, Theorem 1.2 shows that A; displays a remarkable regularity in the sense
that each right cell can be mapped bijectively to I' = I'y simply by left multiplication by an
element of Wy, and intersections of arbitrary left and right cells of A; can be transported to
the intersection I' N T—! by left and right multiplication. Such highly regular behaviour is not
a standard property of K L-cells (for example, such a phenomenon already fails for the second
lowest two-sided cell in type As, where instead one must use more complicated *-operations to
transport structure between right cells; see [29, 45]).

To make Theorem 1.2 completely explicit one should concretely determine the set B, and
compute the elements my. Our description of B in the theorem below is in terms of an explicit



element b € W given in (4.2), and b? = obo ™! is the image of b under the diagram automor-
phism o with sg <> s1. For w € W let [1,w] = {v € Wyg | (v w) = £(w) — £(v)} (an interval
in the right weak order). In other words, [1,w] consists of all prefixes of w.

The group T,, acts on the set of (classical) alcoves contained in the fundamental n-alcove A,
however this action is not free. To rectify this, let X,, = {w € Wex | wAg C Ay}, where Ag is
the (classical) fundamental alcove. The group T,, acts freely on this set. Let u = wg ,w, € W,
(where wg,, is the longest element of the A,_; subsystem generated by si,...,s,—1). Our
description of the set B, and the elements my, is given in the following theorem.

Theorem 1.3. For A\ € P} we have
(1) my = wyutryu with £(my) = £(wy,) + L(u=tmu);
(2) B=1[1,b]U[1,b];
(3) F =uB is a fundamental domain for the action of T, on X,,.

Combining Theorems 1.2 and 1.3 gives a strong form of “cell factorisation” for A; in the
sense of J. Guilhot [15], with each element w € A; written in a unique way as w = u~'w,,7v with
u,v € Band 7 € T (a certain length-additive semigroup), with £(w) = £(u)+£(wy,)+£(T)+£(v).
See Corollary 4.20 for a precise statement. This cell factorisation leads to various corollaries.
For example, in Corollary 4.21 we completely classify the involutions in A; (specifically, each
[, NT, " consists entirely of involutions, and each intersection ', NT';! with u # v contains no
involution). Moreover we compute the rational length generating functions for the elements of
A1, the right cells 'y, and the set of involutions in A; in Corollary 4.22. For example, we have

on(n—1)B(¢)2
Z ) — nfl (Qt) —  where B(t) = Ztﬁ(u).
wWEA Hi:1 (1 - tZ( ’VL—Z)) ueB

We now turn our attention to the component of the asymptotic algebra associated to this
cell. Recall that the asymptotic algebra J introduced by Lusztig [22] is a Z-algebra with
basis (tw)wew,, and multiplication defined using certain leading coefficients of the structure
constants of the Kazhdan-Lusztig basis in the Hecke algebra. If A is a two-sided cell then
JIa = spang{ty, | w € A} is a two-sided ideal of J, and J is a direct sum of Ja as A runs
through the set of two-sided cells of Wey:.

A first step in determining Ja, is to convert the cell factorisation from Theorems 1.2 and 1.3
into a factorisation formula in Ja,.

Theorem 1.4. For u,v € B and A\ € P;; we have

tu—lwntm)\twnv = tu—lmAv'

After proving Theorem 1.4, our general strategy follows the ideas initiated in [16, 17] and
continued in [9, 18], however various modifications and refinements of the techniques are required
in the process. In particular, since there is not a complete description of all cells in affine type B
arguments typically must be “localised” to the cell A1, rather than relying on global information.
Central to this approach is a detailed analysis of a certain representation m of the Hecke algebra
on a finite free module over a multivariate Laurent polynomial ring with a Cy group-ring factor
R[] (with R = Z[q,q7!]). We show that this representation shares many desirable properties
with the (infinite dimensional) Kazhdan-Lusztig cell module associated to A;. Specifically, ©
annihilates all Kazhdan-Lusztig basis elements C,, with w € Ag, and with respect to a natural
basis the degree in q of the entries of the matrix 7(7,) (and also 7(C,,)) is bounded by the value
of Lusztig’s a-function on Aj.

This allows us to define leading matrices ¢(w) = qu71:0(q7a(A1)7r(Tw)) with entries in Z[z].
Ultimately we are able to explicitly determine the leading matrices ¢(w) for w € A; in terms
of Schur functions sy(z) € Z[z]%" associated to the group Spy, o(C) x Cs, with Cy the group



of order 2. Two key ingredients in this important calculation are as follows. Firstly we use
combinatorial interpretations for the matrix entries of 7 in terms of n-folded alcove paths in
the fundamental n-alcove A,, (see [18]) to prove certain entries attain an appropriate degree
in q. Secondly we make analytical estimates using Opdam’s Plancherel formula [27], suitably
localised to the cell Aj. Positivity in the Plancherel formula allows us to bound the norm of a
leading coefficient by one, and integrality and Schur orthogonality with respect to an asymptotic
Plancherel measure then force it to be a single Schur function up to sign. This sign is determined
using the combinatorial description in terms of alcove paths.

Theorem 1.5. For u,v € B and A\ € P,/ we have
c(u™tmyv) = 5x(2) Eyo-

Using Theorem 1.5 we deduce the main theorem of the paper, realising Ja, as a full matrix
algebra over a representation ring, paralleling the description in type A, from [45].

Theorem 1.6. The map
jAl — MatN(Rep(szn,Q(C) X Cz)) with tu—lmAv — Eu,v ® [V)\],

is an isomorphism of based rings, where N = 2""Inl and for A = (N, \,) € PF we write
Vi = Vv @ e with Vi the irreducible representation of Spay,_o(C) with highest weight N, and
€ 1s the nontrivial character of the cyclic group Cs.

We then prove that Lusztig’s original conjectural description holds for Ja,.
Corollary 1.7. Lusztig’s conjecture [23, Conjecture 10.5] holds for the cell A.

We present several further applications in Section 6.13, including multiplication formulae in
Ja, in terms of tensor product multiplicities, a calculation of the centre of Ja,, a characterisation
of A; (respectively the involutions in Aj) in terms of the representation 7 (respectively the
character of 7), an asymptotic Plancherel Theorem for the cell A;, and a calculation of the
asymptotic algebra of the second lowest two-sided cell A} in the non-extended affine Weyl group
of type B,.. Finally, in Section 6.14 we discuss the A, case, and take the opportunity to give an
elementary proof of a conjecture from [9], making the description of the leading matrices from
[9, Theorem 7.8] in the A,, case unconditional.

To put our results in perspective, we conclude this introduction with a brief survey of some
known results on the determination of cells and the asymptotic algebra in affine types. Cells in
type A, are understood by the fundamental work of Lusztig [23] and Shi [29]. Various specific low
rank cases in other affine types are known, including all irreducible cases of affine rank at most 4
(see [2, 11, 12, 13, 21, 31, 33, 34, 41]). Shi has determined the structure of the lowest two-sided
cell in [30]. To the author’s knowledge, the only affine types for which the asymptotic algebra
is well understood are the rank 2 cases (see [16, 17], which also treat unequal parameters), the
A, case (see [45] and the recent approaches in [9, 20]), and Bs with equal parameters (see the
recent series [37, 38, 39, 40] and [5]). The component of the asymptotic algebra associated to
the lowest two-sided cell has been determined by Xi [42, 43, 44].

We now outline the structure of the paper. Section 2 gives background and preliminary
material, and Sections 3 and 4 are devoted to the study of the cell Ay, proving Theorems 1.2
and 1.3. In Section 5 we prove the factorisation theorem (Theorem 1.4), and in Section 6
we study the representation m and the leading matrices, proving Theorems 1.5 and 1.6 and
Corollary 1.7.

2 Background and preliminary results

In this section we give background and fix notation on affine Weyl groups of type B, and the
affine root system. We also outline some properties of intervals and convex hulls in Coxeter
groups, and we give a brief summary of the basic parts of Kazhdan-Lusztig theory that are
required in the paper.



2.1 Root systems and Weyl groups

Let V' = R™ with standard inner product (-,-), and let ®9 C V be a root system of type By,
n > 2, with simple roots a; = e; —e;41 for 1 <i <n —1 and a, = e, and associated positive
roots 7. For a € V\{0} let oV = 2a/{a,a). Let ¢ € ®F be the highest root (explicitly,
p=e+ea=0a1+2(ar+az+- -+ ap)).

For a € ®g let s, € GL(V) be the reflection s,(z) = x — (x,a)aV, and write s; = s,, for
1 <i < n. Let Wy be the subgroup of GL(V') generated by {sq | @ € ®o}. Thus (Wy, Sp) is a
Coxeter system of type B,,, where Sy = {s; | 1 <i < n}.

The affine root system is ® = $o+7ZJ (a subset of the vector space VARS). Let ag = —p+9.
The simple affine roots are «ag,asq,...,a,. Each root a + kd € ® has a unique expression as
a+kéd = agag+- - -+ anay with ag, . . ., a, € Z, and a+kd is positive if and only if ag, ..., a, > 0.
Explicitly, the set of positive affine roots is

O = (DF + Z>06) U (=P + Z=o9).

The support of a root a = apag + -+ + anay, is supp(a) = {0 < i < n | a; # 0}. For
JC{0,1,...,n}let ®; = {a € ® | supp(ar) C J} and ®F = @, N ®F. If J = {iy,...,ix} we
write ®;, i, = Po1,..np\s- In particular, @, is a system of type Dy.

For o+ ké € ®, define an affine reflection sqixs € Aff(V) by saiks(z) = 2 — ((z, @) + k)aV.
Thus s,1ks is the orthogonal reflection in the hyperplane H,yps = {z € V | (z,a) + k = 0}.
Note that sq1xs = t_kavSa, Where ty € Aff(V) is the translation ty(x) =z + XA by A € V. Let
50 = Sa, (and so sg = ty,vs,) and Sar = {50, 51, .-, Sn}-

The affine Weyl group is the subgroup Wag of Aff(V') generated by {sqiks | @ + kd € @}.
Then (W, Safr) is a Coxeter system of type B,. Let £ : Wy — Z>q be the length function. We
have W, = Q x Wy where Q = Zay + -+ Za,, ={x € Z" | 1+ -+ 2, = 0 (mod 2)} is the
coroot lattice. The left and right descent sets of w € W are

Dr(w) ={s € Saf | l(sw) =l(w) — 1} and Dpg(w) = {s € S | L(ws) = l(w) — 1}.

If 7 C{0,1,...,n} is a proper subset, then the parabolic subgroup W; = (s; | i € J) of W
is spherical and hence has a longest element wy. If i1,...,i; € {0,1,...,n} we write

Wis, i = Wioa,on\fir,iny @0 Wiy i = Wio 1 n\fir,.in} -

In particular, W, is a subgroup of type D,, with longest element w,, and wq is the longest
element of Wj.

Let wy,...,w, € V be the fundamental coweights (defined by (w;, oj) = 9; ; for 1 <4, j < n).
Thus w; = e1 +---+¢; for 1 <i < n. The coweight lattice is P = Zw1 + -+ + Zw, = Z". The
extended affine Weyl group is Weq = P X W)y, and since () C P we have Wy < Weyt. The group
Wext naturally acts on V', as a subgroup of Aff(V'). There is a distinct action of Wex on V@RS,
preserving the root system ®, by (for u € Wy and A\ € P)

ux(a+kd) =u(a)+kd and ty*(a+kd)=a+ (k—(\a))d.

The inversion set of w € Wex is ®(w) = {a+ké € T | w™t x (a+kd) € —®T}, and the length
of w € Wey is (w) = |®(w)| (agreeing with Coxeter length on restriction to Wyg).

We have Weye = Wagr X 3 where ¥ = {w € Weut | £(w) = 0} = P/Q = Zs. The nontrivial
element ¢ of ¥ satisfies osgo™! = 51, 05107 = 59, and os;0 " = s for 2 < i < n. Explicitly,
0 = te;Sey- For w,w' € Wey we have ®(w) = ®(w') if and only if w’ € {w, wo}.

The closures of the open connected components of V'\ Uﬁe@ Hpg are called alcoves. Let A
denote the set of all alcoves. The fundamental alcove is given by

Ag={z €V |0<(z,a) <1 forall a € df}.



The vertex set of Ag is {0} U {w;/m; | 1 < i < n} where ¢ = """ | m;cy is the highest root
of ®y. We call 0 the type 0 vertex, and w;/m; the type i vertex of Ag. The affine Weyl group
W acts simply transitively on A, and the type of an arbitrary vertex is given by this action.

The extended affine Weyl group Wey also acts transitively on A, and the stabiliser of Ag is 2.
The inversion set ®(w) has the geometric interpretation as the set of roots a+kd € @ such that
H, s separates the alcoves Ap and wAy. With this interpretation, the length function ¢(w) on
Wext is given by counting the hyperplanes separating Ay from wAg. Explicitly, for A € P and
u € Wy we have

O(tyu) = > [\, )| + > I\, a) — 1] (2.1)

acdd, u=1(a)>0 acdd u=1(a)<0
It is useful to note that, for x € Wy
lxwy) = L(z) + l(wy) < Dgr(z) C {sn} (2.2)

and similarly ¢(w,x) = €(wy,) + ¢(x) <= Dr(x) C {s,}. This is a special case of the general
Coxeter group fact that for a spherical subset J we have {(zw;) = {(z) + £(wy) if and only if
l(xs) > l(x) for all s € J. In particular, note that

U(xwny) = () + (wn) + £(y) = Dr(x), Dr(y) € {sn},

however the converse is not true (for example x = y = s352835p5283 in |§>3). See Remark 4.13.
The element

u=wp,w, €W, (2.3)
will play an important role.

Lemma 2.1. We have
(1) &f ={ei—ej|[1<i<j<niU{—(es+e)+d|1<i<j<n};
(2) ®(u) ={—(es+ej)+0]1<i<j<n} andl(u)=n(n—1)/2.

Proof. (1) If B € ®;f then B = apap+- - -+ an—105—1 with ag, ..., an—1 € Z>g. Since ag = —p+9
this gives 8 = a + apd where a = —agp + aja1 + -+ - + an_10p—1. Since S € ® we have a € Py,
and this forces ap € {0,1} (for otherwise the absolute value of the coefficient of oy, in « strictly
exceeds 2, contradicting the fact that ®¢ is of type B,,). If ap = 0 then 5 € @ain, and if g = 1
then by inspection of the B,, root system we see that o € {—(e; +¢;) | 1 <1i < j < n} (the set
of roots of g with coefficient of «, equal to —2).

(2) Since u = wp Wy, by properties of longest elements we have £(u) = £(wy,) — l(wo) =
n(n —1)/2. Moreover, ®(u) = ®;1\&7,, = {—(e; +¢;) + 0|1 <i<j<n} O

To make specific calculations (for example, using the length formula (2.1)) it is convenient to
write elements of Wey in the standard form tyv with A € P and v € Wj. The following lemma
gives these standard forms for w, and u.

Lemma 2.2. We have

tw, WO if n is even b WO,n WO if n is even
Y twn—wiWo,1  if n is odd " tw, WonWo,1 if n is odd.
Proof. Write w for the right hand side of the claimed formula for w, (in the two cases n
even/odd). Since w, € Q for n even, and w, —w; € Q for n odd, we have w € Wys. A
direct calculation shows that ®(w) = @', and hence w = w,,. The formulae for u now follow
directly from the definition u = wq ,w,,. ]



2.2 Intervals and convex hulls

Let < denote the right weak order on Wy (we will not use this order on the extended affine
Weyl group). That is, for x,y € W we have = < y if and only if £(z~'y) = £(y) — £(x), if and
only if x is a prefix of y (meaning that there exists a reduced expression for y starting with a
reduced expression for x). For x,y € Wy with x < y, the interval [x,y] is the set

[, y) ={z € W | < 2 < y}.

It is known that any Coxeter group is a complete meet semilattice with respect to the right
weak order (see [6]). In particular, for any z,y € Wae there exists a unique meet (greatest lower
bound) denoted z = x A y.

The convex hull conv{A, B} of alcoves A, B is defined to be the union of all alcoves C' such
that there exists a gallery of reduced type from A to B passing through C. Geometrically, if
®(A, B) denotes the set of roots 5 € T such that Hg separates A and B, then

conv{A, B} = ﬂ Hs(A, B),
Bed+\®(A,B)

where Hg(A, B) denotes the closed half space bounded by Hg that contains both A and B (see
[1, Theorem 3.131] for the equivalence of these two interpretations of convex hulls).

For z,y € Wex we will use the abbreviated notation conv{z,y} = conv{zAg,yAp}. If
w € W then the description of conv{l,w} in terms of galleries gives

conv{l,w} = U v Ao, (2.4)

veE[l,w]

providing a bijection between elements of the interval [1, w] and alcoves contained in conv{l, w}.
If w € Wext then ®(Ag, wAg) = ®(w), and hence

conv{lw} =[]  Hs(Ag,wAy). (2.5)
BEDT\@(w)

Thus conv{1l,w} is described by a family of inequalities, one for each root o € @7, of the form
M, < (z,a) < M/ where M, and M/, are integers. The integers M, and M/ are determined
as follows, for o € ®F. (a) If @ € ®(w) then M, = —(ko + 1) and M/, = 1 where ko > 0 is the
maximal integer such that a+kyd € ®(w). (b) If —a+0 € ®(w) then M, =0 and M) = ko +1
where k, > 1 is the maximal integer such that —a + kod € ®(w). (c) If ®(w) contains neither
a nor —a+ ¢ then M, =0 and M), = 1.

Equations (2.4) and (2.5) give a useful method of counting the number of elements in an
interval [1,w] for w € Wg. Specifically, we have

_ Vol(conv{l,w})
#Lwl = =)

= 2""!n! x Vol(conv{1,w}), (2.6)

where Vol denotes usual Euclidean volume. The calculation Vol(4p) = 1/(2""1n!) follows from
the fact that Ag has vertex set {0, e1, 5(e1+e2), ..., 5(e1++ - +ep)}. Computing Vol(conv{1, w})
can typically be achieved by finding the inequalities determining conv{1, w} (as described above)
and performing an iterated integration.

Let conv{z,y}° denote the interior (in the Euclidean sense) of conv{z,y}. Thus conv{z,y}°
is described by the strict inequalities M, < (z,a) < M],, with M, and M/ as described above.



2.3 Kazhdan-Lusztig theory

Kazhdan-Lusztig theory partitions the Coxeter group into left cells, and into right cells, and
into two-sided cells. We do not need the precise definitions in this paper, and so we will only
recall here the very few parts of the theory that will be required. See [19, 26] for details.

Let <;, <g, and <ppr denote the left, right, and two-sided Kazhdan-Lusztig preorders
on Wey (defined using the equal parameter extended affine Hecke algebra, however we will not
need the details of this construction). The equivalence classes of the associated equivalence
relations ~p, ~g, and ~pg are left, right, and two-sided cells (for example, x ~p y means
x <pyand y <p z). Each two-sided cell is a union of left cells, and a union of right cells.
Moreover, x <r, y if and only if 271 <z y~!, and so x ~, y if and only if 2=! ~p ™!, and hence
I is a right cell if and only if I'~! is a left cell. Thus every statement about right/left cells has
an obvious analogous statement about left/right cells.

The preorder < naturally induces a partial order on the set of two-sided cells by A <;r A’
if and only if z <y y for some x € A and y € A’ (and “for some” can be replaced by “for all”).

Let a : Wext — Z>( be Lusztig’s a-function. We will need the following general properties
(we restrict to the “equal parameter” setting):

(1) If x <g y then Dr(z) 2 Dr(y). Hence if x ~g y then Dy (x) = Dr(y).

(2) If x <pgr y then a(z) > a(y). In particular, a is constant on two-sided cells.

(3) If z <p y and a(z) = a(y) then z ~p y.

(4) If w ~pp sw with s € Sy then w ~p, sw.
Statement (1) is a basic standard consequence of the definitions, and (2) and (3) are Lusztig’s
properties P4 and P9 (see [26]; these statements are known to hold in the equal parameter
setting). Statement (4) easily follows: interchanging the roles of w and sw if necessary, we may
assume that ¢(sw) = f(w) + 1, and hence sw <y w (this is immediate from the definitions).
Since w ~rr sw we have a(w) = a(sw) (by (2)), and so (3) gives sw ~p, w.

Lusztig proved in [23, Theorem 4.8] that for an irreducible affine Weyl group (with equal
parameters) there exists a bijection between the set of two-sided cells and unipotent conjugacy
classes in the complex dual group G, and moreover that if the cell A corresponds to the class of
a unipotent element u € GV then a(w) = dim B, for all w € A, where B,, is the Springer fibre of
all Borel subgroups containing u. Furthermore, Lusztig conjectured that the partial order <jp
on two-sided cells agrees with partial order on unipotent classes given by the closure relation,
and Bezrukavnikov proved this conjecture in [4, Theorem 4(b)] (see also [32] for the A,, case).

In particular, in any irreducible affine Weyl group with equal parameters it is known that
there is a unique lowest two-sided cell with respect to <pg, denoted A (corresponding to the
class of the unipotent element 1 € GV). This cell has the following description: Let J be the set
of subsets J C S,¢ such that W; is isomorphic to Wy (for example, in type F there are three
such subsets). Then Ag consists of all extensions in Wey of the elements w; with J € J, and
a(w) = £(wp) for all w € Ag. See [30] for details.

Furthermore, there is always a unique second lowest two-sided cell A; in an affine Weyl
group, corresponding to the class of the unipotent element x3(1) € G where ¢ is the highest
root of @y, and we use standard Chevalley notations in GV (see [35]). Writing a(A;) for the
constant value of a(w) for w € A;, we have a(A1) < a(Ag) = ¢(wp), and if w ¢ Ag U A; then
a(w) < a(A;). For type B, we have a(A;) = n(n — 1), see [35].

Remark 2.3. There is a generalisation of Kazhdan-Lusztig theory to the “unequal parameter”
setting by Lusztig, see [26] and [7]. The description of the elements of Ag given above also holds
for unequal parameters with minor modifications required for type C, with n > 1 (including
Al = Cl and ég = (~:2; see [14]). For unequal parameters it is not necessarily true that there is
a unique second lowest two-sided cell, for example see the Go example for 2 > r > 3/2 in [16,
Figure 2].



3 The fundamental J-alcove

In this section we recall the definition and basic properties of the fundamental J-alcove from [18].
Moreover, we study certain maximal length double coset representatives my that will ultimately
describe the intersection ' NI'~! (where I = I'; is the right cell containing w,,). More generally,
the geometry and combinatorics of the fundamental J-alcove, for J = {n}, will turn out to
describe the structure of the cell Aj.

3.1 The fundamental J-alcove and pseudo-translations
Following [18], if J C {1,2,...,n} the fundamental J-alcove is

A;j={zeV|0<(z,a)<lforallae®l}

(this is a fundamental domain for the action of the “J-affine Weyl group” Q; x Wy on V', where
Q7 =Y aca, La, hence the terminology). Let

P;=PnNnA; and GJ:{U)GW()’QU.AJ:AJ}.

We call Py the set of J-weights. The group GG; naturally acts on Pj.

In this paper the relevant subset is J = {n}, and we write A, = Ay, Qn = Qny, Pn = Py,
and G, = G{,y. Thus explicitly A, = {x € V | 0 < (z,e,) < 1} (the fundamental n-alcove),
Qn = 2Ze,, and

P,={Me1+ -+ —1en1+Aen | A,...,; \n_1 € Z and A\, € {0,1}}.
We have G,, = (s1,82,...,8n—2,8,_1) where s, | = $p,_18,8p_1.
Proposition 3.1. The group G, acts on P,, and the set
Pr={\er+ -+ M ten1+den | A1 >A>-> X1 >0, )\, €{0,1}}
is a set of orbit representatives for this action.

Proof. By definition, G,, acts on P,. Since s,,_; = s., , we see that G,, is a Coxeter group of
type B,_1, acting on P, as signed permutations on the first n — 1 coordinates, and fixing the
final coordinate. Hence the stated set P, is a set of orbit representatives. O

Remark 3.2. If ¢ = 5159 - - - 5,1 then ¢G,c~! is the standard parabolic subgroup of type B,,_;.

Remark 3.3. Note that P # P, NPT, where PT = Nw; + -+ + Nw, is the usual set of
dominant coweights. For example A = e, = —wp—1 +wy € P,f[ yet A ¢ PT.

Following [18, Definition 3.9], for A € P,, we define pseudo-translations Ty € Wex by

t if A\, =0
T =
trs, if A, =1,

and set T,, = {7) | A € P,}. By [18, Corollary 3.15] we have that T, is an abelian group, with
T, = P/Q, = Z" ! x Zy via the natural map A — \ + Q.

Lemma 3.4. For g € G, and X € P, we have

(1) 7;1 = Ty where \* = —A\je1 — - — Ap—1€n—1 + \neyn € P.

(2) yTA_ly = Tz, where y = wo ,WnWo ,, (if n is even then y simplifies to wy, ).

(3) gyt =g
Proof. (1) is an elementary calculation (it also follows from the general results in [18, Lemma 3.14]).
Then (2) follows by a direct calculation using Lemma 2.2. For (3), see [18, Lemma 3.21]. O



The type n vertex of the fundamental alcove is £ = %(61 +---+ep). Let V, be the set of all
type n vertices (of all alcoves).

Lemma 3.5. We have Stabyy,, (&) = (Wy,0) and
Vo =A{z161 4+ + xnen | x; €Z+%fo7“1 <1< n}.

Proof. Both Wy and Wey act transitively on V,,. For A € P and v € Wy we have tyv(§) =
A+ v(€). Since A € P =7" and v acts by signed permutations, every coordinate of tyv(§) is in
7+ %, and it is clear that all such points are in the Wey orbit of £&. Hence V,, = (Z + %)” as
claimed. To compute the stabiliser of &, if w = ty\v with A € P and v € Wy then w(&) = & if
and only if A = & —v(§). Thus since { —v(§) € P we have Staby,,,(§) = {te—y)v | v € Wo}.
Taking linear parts gives an isomorphism Stabyy,, (§) = Wy. Clearly W,, < Staby,,(§). We also
have o € Staby,,(§) (as 0 = t¢, Se, ), and so (by orders) Stabyy, () = (W, 0). O

The group T,, acts on the set {A € A | A C A,} of (classical) alcoves contained in the
fundamental n-alcove, however this action is not free. To resolve this issue, let

Xp={w € Wet | wAg C Ap} ={w € Wext | €n, —€n, + 6 ¢ O(w)}

(so X,, is a two fold cover of the set of alcoves contained in A,). The group T, acts freely on X,,.
By [18, Theorem 3.11 and Corollary 3.15] the set

"Wo ={w € Wy | £(spw) = £(w) + 1}

is a fundamental domain for the action of T,, on X,,. In other words, if w € Wey is such that the
alcove wAg lies in the fundamental n-alcove, then w = 7\u for a unique A € P, and u € "W,.
Fundamental domains for the action of T,, on X,, play an important role in the combinatorial
approaches to Kazhdan-Lusztig theory initiated in [16, 17] and continued in [18]. In this theory,
formulae are often simplified by selecting a fundamental domain well adapted to the specific
setting. The numerical observation |"Wy| = |W,| = |B| hints that there are other natural
fundamental domains for this action in the case of Aj. In the following lemma we show that
W, C X, is indeed a fundamental domain, and in Section 4.6 we will show that uB is a third
fundamental domain.

Lemma 3.6. The set W, is a fundamental domain for the action of T,, on X,,. Thus if w € Wex
with wAy C A, then there exist unique elements A € P, and u € W, such that w = Tyu.

Proof. Since |W,| = |"Wy|, and since "W is a fundamental domain, it suffices to show that
each element w € X,, has at least one expression as w = 7yv for some \ € P, and v € W,,. Let
w € X,,. Then w(§) is the type n vertex of an alcove in A,,, and hence by Lemma 3.5 we have
w(§) =x1e1 + -+ Tp_16n-1 + %en with z1,...,Zp-1 € Z + % Since tey, ... te, , € Ty it is
clear that there is A € P, such that 7, 'wé = €. Thus 75 'w € Staby,, (£), and so by Lemma 3.5
we have w € W, Un\W,o. If w € n\W,, then we are done. If w € 7\ W,,0 then note that
Te, = te,Sn € Stabw,,(§)\W,, and since W), is an index 2 subgroup of the stabiliser we have
Who = 1., Wy, giving w € 17, Wy, € T,W,, as required. O

3.2 Maximal length double coset representatives

Maximal length double coset representatives naturally play an important role in Kazhdan-
Lusztig theory (see [25]). In particular, since I is the right cell containing w,, we have Dr(w) =
Dr(w) = {s0,...,8n—1} for all w € TNT~! (as left descent sets are constant on right cells, and
right descent sets are constant on left cells). That is, each element of I' N I'! is the unique
maximal length element in its W,-double coset. Thus determining I' N T'~! is equivalent to
determining which W,,-double cosets intersect 'NT~!, and to determine explicitly the (unique)
maximal length elements in these double cosets.
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For \ € P, let
m) = (the longest element of the double coset W, 7\W},).
We have the following basic properties.
Proposition 3.7. For A € P, and g € G, we have mgy = my, m§ = my, and mxl =my.

Proof. To prove myy = my it suffices to prove that W, 7,\W,, = W,,\W,, for A € P,, and g € G,
and it is sufficient to verify this for the generators of G,. If g € {s1,...,8,-2} then g € W,
and so W, \W,, = Wygmg~ "W, = W, m\W,,. The case g = s),_, requires a different argument,
because s/, _; ¢ W,. Let @« = —e,—1 — e, + 60 and 8 = e,—1 — e,. Since o, € ®,, we have
Yy = Sasg € Wy,. A direct calculation shows that YTyl = Ty for all A € P, and hence
Wit Wy = WpnaW,, for all g € G,.

Now, since o = t¢,Se, we have oo = Tse A Thus m§ = M, A Since se, € Gy, the result
follows from the statement my = mgy, for all g € G,,. Finally, by Lemma 3.4 the double coset
W, W, is stable under inversion, and so m;l =m,. ]

Since P, is a set of orbit representatives for the action of G, on P,, by Proposition 3.7 we
have my = my+ where A is the unique element of P, in the G,-orbit of A. Thus we can restrict
to A € P, in which case the following theorem gives an explicit formula for mj.

Theorem 3.8. If A € P then my = wyu~tnau, and £(wu~tmu) = £(wy,) + £(u=tmu).

Proof. Temporarily write py = w,u~'mu. Since py € W, 7\W,, showing that py = m, is
equivalent to showing that Dy (px) = Dr(px) = {s0,...,8n—1}. Equivalently, we must show
that py x a; < 0 and p;l *a; < 0 forall 0 <i<n-—1. Using Lemma 3.4 and the definition
u = wg,wW, we have p/(l = u_lT)\_luWn = wau Ty = py, and so it is sufficient to show that
p;l*ai < 0for 0 <7< n-—1. Since w, x; = —aj for some 0 < j < n —1 it is enough to show
that (uilTA_lu) xa; >0 forall0 <¢<n-—1. We have

(i + (Mnei — Anit1)d if Ay =0and1<i<n-—1

—p+ (14 Ap—1)0 if \,=0andi=0

) x i = —p+ (1+ Ape1)d if Ay =1 and i =1
i+ (Ap—i — Ap—it1)d if A, =land2<i<n-1

a1 + Ap—10 if \, =1and7=0.

In all cases (u™!7; 'u) x a; > 0 as required. Thus my = p.

Since s; € D (u='mu) if and only if (uilTA_lu) * a; < 0, the calculation above shows that
Dp(utmu) C {s,}, and hence £(w,u~tmu) = £(w,) + L(u=tmu) by (2.2). O

Corollary 3.9. For A\, € P, we have my = m,, if and only if GuA = Gpp.

Proof. If G,A = Gpp then my = m, by Proposition 3.7. Conversely, if my = m, then by
Proposition 3.7 we have my+ = m,+, where AT e GoAN P and pt € Guun PF. The formula
in Theorem 3.8 then gives 7+ = 7+, and hence A" = u*, so G, A = Gpp. O

Since £(my) = £(wy,) + £(u"tm\u), determining £(m)) is reduced to computing £(u~1r\u). We
make this calculation in the following proposition. For A € P,, we write

= u"
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Proposition 3.10. If A € P, then

n—1
() =3I+ D (=Ml i+ ).
i=1

1<i<j<n—1
In particular, this length is independent of \,. Moreover, if X\ € P¥ we have

n—1

0r4) = (2n—2i + 1)),
=1

and so if \, € B;\ then £(1y7),) = £(1y) + £(7),).

Proof. 1t follows quickly from the definitions of u and 7 that if A € P, then

SR T Lwowo,n A if A, =0
A= AU = .
tWoWo,n(A—Qen)sel lf )\n =1.

Straightforward calculations, using (2.1), complete the proof of the first formula, and assuming
A € Py it is clear that the formula simplifies as claimed. To verify the formula {(747/) =
(73) + €(7},) for A\, € P, note that if A, + pp € {0,1} then 737, = 7ayp, and if Ay + py = 2
then 737, = Taqy,—2¢,. In particular, since the formula for ¢(7y/) is linear in Ay, ..., A,—1, and is
independent of \,, the claimed formula follows. ]

Corollary 3.11. If A\ € P} then

n—1
(my) =n(n—1)+ Y (2n—2i+ 1)\
i=1
Proof. This is immediate from Proposition 3.10 and Theorem 3.8. 0

4 The second lowest two-sided cell in type B,

Recall Shi’s description of A; from the introduction (Theorem 1.1). We note that Shi works
in the non-extended affine Weyl group, however the statements easily extend to the extended
affine Weyl group (as right cells are invariant under right multiplication by o, and the set of
right cells is permuted by left multiplication by o, with analogous statements for left cells), and
hence we have stated the results for the extended affine Weyl group.

In this section we derive some criteria for membership in Ay and A;. These criteria are
used to deduce an explicit description of the set B in Theorem 4.10. We then prove our main
theorems, describing precisely the elements of the intersection I', N T';! for u,v € B.

4.1 Membership conditions for the cells Ag and A,

Let v € Wet. We say that w € We is an extension of v if there exist x,y € Wey such that
w = xvy with f(w) = l(x) + L(v) + L(y).

The parallelism class of « € ®f is [o] = {a+kd | k >0} U{—a + kS | k > 1}. For a subset
R C &1, we say that R misses [a] if RN [a] = (), while if RN [a] # () we say that R meets [a]. If
R = ®(w) is an inversion set then it is clear that ®(w) meets [a] if and only if either a € ®(w)
or —a+6d € ®(w) (and only one of these roots can be contained in ®(w)). In particular, to show
that ®(w) misses [a] it is sufficient to show that {a, —a + 6} N P(w) = 0.

Theorem 4.1 ([30]). Let w € Wext. Then w € Ag if and only if w is an extension of wy or wy,
if and only if ®(w) meets every parallelism class.
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Shi’s description of Aj says that w € A if and only if w is an extension of w,, and is not an
extension of either wy or wi. Therefore it is desirable to have a simple criterion to decide if w
is an extension of w,. There is an obvious necessary condition.

Proposition 4.2. If w is an extension of w, then ®(w) meets every parallelism class of long
roots. In particular, if w € Ay then ®(w) meets every parallelism class of long roots.

Proof. If w = zwyy with £(w) = ¢(z) +£(wy,) +£(y) then the roots zx®;! are contained in ®(w).
Since @,/ contains roots from every parallelism class of long roots, and since the action of Weyt
on roots permutes long root parallelism classes, it follows that ®(w) meets all parallelism classes
of long roots. For the final statement, apply Shi’s description Theorem 1.1. O

Thus if w is an extension of w,, but is not an extension of either wy nor w; (that is, w € Ay),
then necessarily ®(w) meets all long root parallelism classes and misses at least one short root
parallelism class. The converse does not hold. Indeed, the statement “®(w) meets all long
root parallelism classes and misses at least one short root parallelism class” is precisely Shi’s
condition (A) from [36, Section 5], and the elements wps, and wis, give examples of elements
satisfying this condition, but not being an extension of w,, (for example, no reduced expression
for wos,, can contain sg).

It turns out that there is a useful necessary and sufficient condition for w to be an extension
of wy, in terms of convex hulls (see Theorem 4.3), which when combined with Theorem 4.1 gives
a necessary and sufficient condition for membership of Aj.

Theorem 4.3. Leti € {0,1,...,n}. The element w € Wey is an extension of w; if and only if
there exists a type i vertex in conv{l, w}°.

Proof. Without loss of generality we may assume that w € Wyg. Suppose that w = zw;y with
l(w) = £(z) + £(w;) + (y). Let v be the type i vertex of zAg. The alcoves containing v are
precisely the alcoves zv Ay with v € W;, and since zv < xw;y = w these alcoves are contained in
conv{l,w}. If v is on the boundary of conv{l,w} then there exists an alcove containing v not
contained in conv{l,w}, a contradiction, and so v € conv{l,w}°.

Now suppose that there is a type @ vertex v in conv{1l,w}°. Let R be the set of all alcoves
containing v (a “residue” of type W;). Since v € conv{l,w}° we have R C conv{l,w} (because
each defining wall inequality is strict at the vertex). Choose any x1 € Wy with 2149 € R,
and let x be the minimal length element of the coset x1W;. Then Ay C R and {(zw;) =
0(x) + £(w;). Since zw; A9 € R C conv{l,w} we have zw; € [1,w] and hence w = zw;y with
f(w) = (ow) + U(y) = () + (ws) + £y). 0

Remark 4.4. Theorem 4.3 holds for arbitrary irreducible affine Coxeter groups (with the same
proof), giving a useful geometric criteria to determine if a given element is an extension of the
longest element of a maximal proper standard parabolic subgroup.

Remark 4.5. We will apply the criteria in Theorem 4.3 in the case ¢ = n. The criterion is
particularly useful in proving that an element w is not an extension of w,,, and often only a small
amount of information is required. For example, suppose we know only the following pieces of
information: eg, —eg + 9 ¢ ®(w), e; — ez € ®(w) but e — e + 0 ¢ P(w), and e + e2 € P(w)
(precisely this configuration will arise later in the proof of Theorem 4.10). If there is a type n
vertex © = x1€1+- - -+ xpe, in the interior of conv{1, w}, then from the discussion in Section 2.2
we have 0 < 29 < 1, =1 < 1 — 29, and 1 +x2 < 1. By Lemma 3.5 we have x1,x9 € Z + %, and
SO X9 = % and —% <x < %, a contradiction. Thus w is not an extension of wy,.

Corollary 4.6. Let w € We. We have w € Ay if and only if there exists a type n vertex in
conv{l,w}® and ®(w) misses at least one parallelism class.

Proof. This follows from Shi’s description [36, Proposition 5.9] and Theorems 4.1 and 4.3. [
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4.2 The set B

We now explicitly determine the set B (see the introduction). Note that in the definition of B,
the condition a(s;w,v) < ¢(wy,) can be replaced with s;w,v ¢ A; (because a(s;wpv) < £(wy,) is
equivalent to s;w,v ¢ Ag U Aj, and s;w,v ¢ Ag is already forced by the condition w,v ¢ Ay
and the fact that ¢(s;w,v) < £(wpv) for 0 < i <n —1). Thus we have

B = {v € Wag | L(wpv) = (wy,) + £(v), wpv & Ag, siwpv ¢ Aq for 0 <i<n—1}. (4.1)

In [36, Section 3] Shi establishes a bijection with a certain subset of sign types, and hence
computes the cardinality of B.

Theorem 4.7 ([36, Theorem 3.9]). We have |B| = 2"~ 1n!

Lemma 4.8. Let x € Weyt, s € Safr, and t € Sag\{sn}. Suppose that x,xs,tx € A1 and that
l(xs) =L(x)+ 1. Then txs € Ay.

Proof. Since z,tx € Ay the facts listed in Section 2.3 give x ~, tx. Since right descent sets are
constant on left cells we have Dg(xz) = Dg(tx), and since ¢(xs) = ¢(x) + 1 we have s ¢ Dg(tx).
Thus ((txs) = £(tx) + 1. Since tx € A; we can write tx = a - w, - b. Since s ¢ Dpg(tx) we
have £(bs) = £(b) + 1, and so txs = aw,(bs) with £(aw,bs) = £(a) + ¢(wy,) + £(bs). Thus txs
is an extension of wy, and so it remains to prove that tzs ¢ Ag. If {(tzs) = ¢(xs) — 1 then
xs = t-(txs) with ((t(txzs)) = £(tzs)+1, and so if txs € A then zs € Ay, a contradiction. So we
have {(txs) = ¢(xs) + 1, and hence ®(tzs) = {a:} UtP(xs). By Proposition 4.2 ®(xs) meets all
long root parallelism classes, and since xzs ¢ Ag it must miss at least one short root parallelism
class. Since the linear part of oy is long it follows that ®(txs) also misses a short-root class,
hence tzs ¢ Ag as required. O

Proposition 4.9. The set B is a lower order ideal in the right weak order. That is, B is closed
under taking prefixes.

Proof. We must show that if u € B, s € Sy, and u = uys with ¢(u) = £(u1) + 1, then u; € B.
We verify the conditions defining B. Since u € B we have {(wyu) = f(wy,) + ¢(u), and so
clearly ¢(wpu1) = €(wy) + £(u1). Also, it is clear that wyu; ¢ Ag (for if so, wyu € Ag). Thus
wpup € Aj. It remains to prove that s;wpu; ¢ Ap for all 0 < i < n — 1. Suppose, for a
contradiction, that s;w,u; € Ay for some 0 <7 <n—1. Let £ = w,uy and t = s;. Lemma 4.8
gives s;w,u = txs € Ay, contradicting the fact that u € B. Hence the result. ]

Let p = w; + - -+ + w, and define
b =u"'t,woo" (4.2)
where k € {0, 1} is chosen to make b € Wg (explicitly, £k =0 if n = 0,3 (mod 4) and k =1 if
n=1,2 (mod 4)). Using Lemma 2.2 we have

b {tp_nwnwo,nak if n is even (43)

tp+w1—nwn861W0,n0k if n is odd,

and in both cases the length formula (2.1) gives

((b) = én(n —1)En—1).

The following theorem gives an explicit description of the set B.

Theorem 4.10. We have B = [1,b] U [1,b7].
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Proof. We first show that b € B. A routine inversion set calculation shows that Dr(b) = {s,},
and hence ¢(wpb) = ¢(wy,) + £(b). Moreover

bl e — en if n even = (—er+0) = —e, +06 1if n even
—ep, +90 if n odd én if n odd

and so ®(w,b) misses the parallelism class [e1], giving w,b ¢ Ag (see Theorem 4.1). For
0 <i <n—1 we have {(s;w,b) = £(w,b) —1 (because ¢(w,b) = ¢(w,)+¥¢(b)). For 1 <i<mn-—1
the set ®(s;w,b) misses the parallelism class [o;], and hence s;w,b ¢ A; (by Proposition 4.2,
noting that «; is long). For i = 0 it turns out that ®(sow,b) meets all long root parallelism
classes, and so Proposition 4.2 cannot be applied. Instead, note that ®(sow,b) misses [es], and
that e; —eg € ®(sowy,b) but e —ea+0 ¢ P(sowy,b), and e; +e2 € P(sow,,b). This is precisely the
configuration from Remark 4.5, and hence by Theorem 4.3 we have sow,b ¢ A;. Thus b € B.

It is clear from (4.1) that cBo = B (as two-sided cells are preserved by conjugation by o),
and hence b? € B. Thus by Proposition 4.9 we have [1,b] U [1,b?] C B. To prove equality, it is
sufficient by Theorem 4.7 to show that #([1,b] U [1,b%]) = 2" Inl. We have

#([17 b] U [17 ba]) - #[17 b] + #[17 bo] - #([17 b] N [17 ba]) - #[17 b] + #[17 ba] - #([17 b A baDa

and so the task is reduced to computing the meet b A b® and determining the cardinalities of
[1,b] and [1,b A b7] (as #[1,b7] = #[1, b]).

We have b = uflyak where y = t,wg. Let ¢ = uilyuak (note that ¢ € Wag). We claim
that ¢ = b A b?. We have c~'b = o*u~'o"*, which has length $n(n — 1) (see Lemma 2.1). As
noted above, we have £(b) = $n(n —1)(2n — 1). By Lemma 2.2 we have ¢ = u~'yuc® = t,woo"
where v = w1 + -+ 4+ wp—1 — (0 — 2)wy, and (2.1) gives £(c) = gn(n — 1)(4n — 5). Hence
¢(c'b) = £(b) — £(c). Since ¢’ = c it follows that c < b and ¢ < b?. The right ascent set of c is
{50,51,...,80_1}. Since c~'b = oc*u=ta" it follows that for 0 < i < n — 1 we have cs; < b if and
only if ¢ = 0 for n = 0,1 (mod 4) or i =1 for n = 2,3 (mod 4). Let j € {0,1} be the unique
index such that cs; < b. Since ¢ = ¢ we have cs; < b? if and only if cs,(;) < b, and therefore
the unique cover of c lying below b7 is cs Since o(j) # j, no cover cs; of c lies below both
b and b?, and so c = b A b?.

We claim that

o(j):

#[1,b] =3 x 2" 3n! and #[1,c] = 2" ?nl. (4.4)

In each case we make the count using (2.6). First consider ¢ = t,woo*, with 7 as above. Following
the process described in Section 2.2, the inequalities describing conv{l,c} are 0 < z; + 29 <1
and 0 < z; — x4 < 1forall 1 <¢ < n—1. Thus setting yo = z1 + 2 and y; = x; — ;41
for 1 <7 <n —1, the region becomes the unit cube 0 < y; < 1, and the absolute value of the
determinant of this transformation is 2. Hence Vol(conv{l,c}) = 1.

Now consider [1,b]. Using (4.3), if n is even then the inequalities describing conv{1l,b} are
1 20, x1+xs < 1,and 0 < x; —a41 < 1for 1l <¢ < n-—1. Setting y; = z; — x;41 for
1 <¢<n-—1and 2z = x1+x2 this region becomes 0 < y; < 1 and —y; < z < 1, and the absolute
value of the Jacobian of this transformation is % Thus

1 1
VOl(COﬂV{]_, b}) = 5 AJ ot / 1 dzdyl e d?/n—l — %
1 —Y1

A similar calculation also gives Vol(conv{1,b}) = 3 in the case that n is odd (here the inequalities
arer; < 1,0<z14+a22 <1, 21 —22>0,and 0 < x; —xjy1 < 1for 2 <i<n-—1). The
formulae (4.4) now follow, and hence #([1,b] U [1,b%]) = 2"~!n! as required. O
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Using the explicit description of B it is now easy to check certain properties that will be
useful later (and that appear to be otherwise difficult to deduce directly from the definition
of B).

Corollary 4.11. For u € B we have u™! x {e1, —e1 + 8} = {e,, —e, + 6} for some 1 < r < n.
In particular, ®(u) misses the parallelism class [e1].

Proof. We first show that o, = u ' xe; and B, = u~ ! * (—e1 + 9) are both positive. Since
u < boru < b’ we have ®(u) C ®(b) U®(b?), and so it suffices to check that b, xe; > 0
and by x (—ey +6) > 0 for by € {b,b}, and since ®(b?) = o(®(b)) it is sufficient to consider
by = b. From the proof of Theorem 4.10 we have b™! xe; > 0 and b~ ! % (—e; +0) > 0, and
hence ay, By, > 0. Thus «y, B, are positive roots in the same (short root) parallelism class, and
since ay + By = u~tx§ = § we have {a, By} = {er, —e, + 0} for some 1 < r < n. d

Corollary 4.12. If u,v € B and X\ € P\ then
(u myw) = £(u) 4+ £(my) + £(v).

Proof. Since each element of B is a prefix of either b or b?, it is sufficient to prove that
£(by tmyba) = €(my) + 2£(b) for all choices by, by € {b,b”}. By Proposition 3.7 we have m$ = m,
and m;l = m,, and so it is sufficient to check the two cases by = bo = b, and by = b with by = b°.
Using the definition of u, and Lemma 2.2, and the formula for my in Theorem 3.8, one can
write bl_lm)\bg in the form ¢,v with u € P and v € Wy, and then the length can be calculated
using (2.1). After performing the calculations, one arrives at

n—1
1
(b myby) = Sn(n —1)(4n+1) + D (2n-2i+ 1))
=1

for both choices (b, bz) = (b,b), (b,b%), and the result follows using £(b) = n(n —1)(2n — 1)

and the formula for ¢/(my) in Corollary 3.11. O

Remark 4.13. In [36, (2.9.8)] it is stated that if x,y € Wag with Dg(z), Dr(y) C {s,} then
l(xwny) = £(x) + ¢(wy) + £(y). This statement could be used to give a much quicker proof of
Corollary 4.12, however we note that the statement [36, (2.9.8)] is false (with x = y = 323023
providing a counterexample in Bg, as £(z) = £(ws) = 6, while £(zwsz) = 16 < 18). In [36] the
statement (2.9.8) is used a few times, however only in the situation that 2~!, € B. We note
that Corollary 4.12 is independent of [36, Section 2|, and hence may be used to validate the
applications of (2.9.8) in [36] without introducing any circularity into the arguments.

4.3 The intersections I', NT';!

The intersection of a left and right cell plays a central role in Kazhdan-Lusztig theory. In this
section we compute 'y, N T, ! in terms of T NT~!, where I' = I';. Let E = {e1, —e; + §}. By
Corollary 4.11 there is a function r : B — {1,2,...,n} given by

uwIAE = {eT(u), —€ru) + 5}
Lemma 4.14. Let u € B and w € T'y. Then ®(w) misses the parallelism class [ey(y)]-

Proof. Since w € T, we have w = u~w,y with £(w) = ¢(u) + €(w,) + £(y). The inversion
set of u~'w,, contains u~!®;} (these roots are positive because £(u"'wy,) = £(u) + £(w,) gives
d(utwy,) = ®(u™t) LU ut®(wy)). Thus the roots u™t % (e; — ;) and u™! x (—e; — ej + J) are
positive and are contained in ®(w), for 1 < i < j < n. By Corollary 4.11 the roots u~! x e; and
u™! % (—ey +0) are positive. Let 81 =u "t xey, 8] =u"l x(—e1 + ), v, = u" ' x (e1 —¢;j), and
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v = u™lx (—e1 —e;j +6) for 2 < j < n, we have that B1, 81,74, 7; are all positive roots, and
since
uTt ok (—ej +8) = P+ =B+

it follows that if {81, 8} N ®(w) # 0 then u™! x (—e; + §) € ®(w) for all 2 < j < n, and hence
®(w) meets every parallelism class. Thus w € Ag by Theorem 4.1, a contradiction. O

Proposition 4.15. Suppose that u € B, s € Sa, l(us) = l(u)+1, and us € B. ThenT'ys = sI'y,.

Proof. Immediately from the definitions, we have
Fys ={sz |z €y, l(sx) =4L(x) + 1, sx ¢ Ao}

We will show that the conditions ¢(sx) = ¢(x) + 1 and sz ¢ A¢ are automatic under the given
assumptions.

Since T'y, is a right cell, and left descent sets are constant on right cells, we know Dy (z) =
Dp(u=tw,) for all z € T,. Now, since us € B and we have £((us) tw,) = L(us) + £(w,) =
O(u) +1+£€(wp,) = £(u"'wy,) +1 and hence s ¢ Dy (u"'w,). Thus s ¢ Dy (z) for all # € T, and
hence ¢(sx) = ¢(x) 4+ 1 for all x € T,,.

To show that sz ¢ Ag for all x € T, write E, = u"! xE = {eru)y, —€r) + 0} and Eys =
(us)™' xE = s xE,. For z € T, we have E, N ®(z) = 0 (by Lemma 4.14). Also, E,; C ®*
because us € B. Let a € E and write v = v ' xa and v/ = (us)"! xa = sx~. Then
(sz) ' x4 =271 x> 0 and since v/ > 0 we have 7/ ¢ ®(sx). Therefore E,s N ®(sx) = (), and
so sx ¢ Ay (by Theorem 4.1). Hence the result. O

Theorem 4.16. For u,v € B we have
(1) T'y = u™'T, and
(2) TynT;t=uw (T NT Ho.

Proof. (1) is immediate from Proposition 4.15 and the fact that B is closed under taking prefixes
(Proposition 4.9). For (2), suppose that w € ', N T, Write u = uys with £(uys) = £(ug) + 1.
By Proposition 4.9 we have u; € B and by Proposition 4.15 we have I', = sI'y,. For every
x € [y, both z and sz lie in Ay, and hence sz ~p, = (see Section 2.3). Thus z € T';! if and
only if sz € T';!, and so

L, NI, =5, NT,H).

Continuing gives T'y, N T, =« YT NT,1). Similarly, we have T N T, = (I N T~ !)v, and the
result follows. O
4.4 The intersection ' N I~!

We now compute the intersection I' N T'~1,

Lemma 4.17. For X\ € P} the inversion set ®(my) misses the parallelism class [e1].

Proof. Using the formula for my in Theorem 3.8 we compute m;\l *e; = —e; + 0 or eg, and

my ' * (—e1 +6) = ey or —e1 + & (depending on n + A, even or odd), hence the result. O
Theorem 4.18. We have TNT~! = {my | X\ € P}.

Proof. For A € P we have my, = w,x) where x) = u~lmu with £(m)) = £(wy,) + £(x)).
Moreover, by Lemma 4.17 and Theorem 4.1 we have my ¢ Ag. Thus my € ' by Theorem 1.1.
By Proposition 3.7 we have that my is an involution, and so {my | A € PF} Cc TN~

Let w € TN~ Since left descent sets are constant on right cells, and right descent sets are
constant on left cells, and since w,, € T NT ™!, we have Dy (w) = Dp(w) = {s; |0 <i <n—1}.
Hence w is of maximal length in its W,,-double coset. Moreover, by Lemma 4.14 ®(w) misses
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the parallelism class [e;]. Thus the alcove wAy lies between the hyperplanes H,, and H_., s,
giving

’LUAO - {)\ e R" | 0< (/\,61) < 1} = W(],n.An
(to obtain the final equality, note that wg e, = e1). Thus wo,wAg C Ay, and since W), is a
fundamental domain for the action of T,, on X,, (see Lemma 3.6) there exists A € P, and v € W,
such that wo,w = m\v. Thus WywW,, = W,7\W,,, and so w = m, for some A € P,, and by
Proposition 3.7 we can take A € P O

Corollary 4.19. For u,v € B we have
LN ={umyv | Xe P},
and for X € PF we have £(u~tmyv) = £(u) + £(m)) + £(v).
Proof. This is immediate from Theorems 4.16, 4.18, and Corollary 4.12. O

4.5 Cell factorisation

The previous results imply a strong form of cell factorisation for the cell A; (compare with the
formulae in [16, Sections 4.2,4.3]). Recall that we write 7§ = u~!7\u for A\ € P,. In particular,

TH={r|Ae P}

is a commutative semigroup with £(77') = (1) + ¢(7') for all 7,7" € T* (see Proposition 3.10).
Since the semigroup {7\ | A € P} is generated by the elements 7., 7wy, -, Tw,_, and Te,,
the semigroup T'" is generated by the u-conjugates of these elements. Thus by the calculation
in Proposition 3.10 we see that 7" is generated by the elements 7{,...,7,_; and o, where
=ty —w, for 1 <i < mn—1 (note that u=lr, u = t.,s., = o). Therefore, each element
7 € TT can be written as

F=rk gk Wit k. ko1 € Zso and k € {0,1}).

Moreover, (1) = kil(7]) + -+ + kn—1£(7}_1).

Corollary 4.20 (Cell factorisation). The map v : B2 x T+ — Ay with ¥(u,v,7) = v~ w,Tv is
a bijection, and L(u" w,Tv) = £(u) + £(wy,) +£(7) +£(v) for all u,v € B and 7 € T*. Moreover,
if w,2w' € Ay with v~ w) = (w,v,7) and Yy~ (w') = (',v',7') then w ~p w' if and only if
v="1v" and w ~g W' if and only if u=1'.

Proof. The map ¢ : B2xTT — Aj with ¢(u, v, 7) = u~'w,7v is well defined (that is, 1 (u,v, ) €
A1) and surjective by Corollary 4.19 and Theorem 3.8. Moreover, if w = ¥ (u,v,7) = (v, v, 7")
then Corollary 4.19 gives w € I', NIy and w € I;' NIY and so u = o and v = v/ (by

v

Theorem 1.1). Thus 7 = 7/, and so 9 is bijective. O

The proof of Theorem 1.2 is now complete.
4.6 The fundamental domain F = uB
To complete the proof of Theorem 1.3 we must show that F = uB is a fundamental domain for

the action of T,, on X,,.

Proof of Theorem 1.3(3). By Lemma 3.6 we have that W,, is a fundamental domain for the
action of T, on X,. Moreover, by Theorem 4.7 we have |F| = 2"~In! = |W,|, and so it is
sufficient to prove that every orbit T, z, for z € W,,, contains an element of F = uB.

Fix z € W,. Let £ = %(61 + -+ ey) be the type n vertex of the alcove Ag, and let C be the
cone based at £ containing Ag. Thus

C={zeR"|z1>29> " >xp, v1+x2 < 1}.
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For y € Weyx we have yAy C C if and only if £(w,y) = £(wy) + £(y). To see this, by (2.2) we have
Uwpy) = €(wy) + ¢(y) if and only if Dy (y) C {s,}, if and only if o; ¢ ®(y) for 0 < i <n — 1,
if and only if yAg is contained in HJ, for each 0 <i < n —1 (where H; denotes the half space
bounded by H,, containing Ag). For 1 <i <n —1 we have Hf ={z €V | x; > xi41}, and for
i =0 we have H} = {z € V| z1 + x2 < 1}, hence the claim.

Consider the vector n = —eg —2e3 —--- — (n — 1)e,, lying in the interior of the cone C. Write
u = tyu with u € Wy (by Lemma 2.2 we have u = wq,wo if n is even, and v = wo w1 if n is
odd). Write v = u(n). Since u(e;) = +e, the last coordinate of v is 0, and so v € P,. Thus
TNy =ty for all N € Z. Since u™ 'ty u = tny we have ulry,z = thu_lz. Since 7 is in the
interior of C there is N > 0 sufficiently large such that ¢ Nnufleo C C. Fix such a choice of N,
write vg = Nv € P,, and let y = u~!7,,2. Since yAg C C we have £(w,y) = £(w,,) + £(y).

We claim that w,y ¢ Ag. Since u = wg ,w,, we have w,y = wp ,,7,,2. Because z € W, the
alcove zAy lies in A,,, and since T,, acts on A,, we have 7,249 C A,. But wg ,(e,) = €1, hence
wnpyAg C {x € R" | 0 < (z,e1) < 1}. Thus the inversion set of w,y misses the parallelism class
[e1], and so w,y ¢ Ag by Theorem 4.1.

Thus from Shi’s description of I' in Theorem 1.1 we have w,y € I'. Since I' = | |, .g(TNIT; 1),
Corollary 4.19 gives y = (u~!m\u)v for some A € P;f and v € B. Thus

u_lrl,oz =y = u by,
giving 7';17,,02 =uw € uB = F, and hence the result (as 7';17',,0 €Typ). O

4.7 Applications

Before moving on to our study of the asymptotic algebra, we provide two applications of our
description of A given in Theorems 1.2 and 1.3.
Firstly, we can give a complete classification of involutions in the cell A;.

Corollary 4.21. Let w € Ay. Then w? = 1 if and only if w = u~'myu for some u € B and
A\ € P. In particular, each diagonal intersection Ty, NT, L consists entirely of involutions, and
each off-diagonal intersection T, N T 1 with u # v contains no involution.

Proof. If w € A; then by Theorem 1.2 we have w = u~'mv for some u,v € B and \ € P and
by Proposition 3.7 we have m;l = my, and so w™' = v~ !myu. By Corollary 4.20 each element
of A1 has a unique expression in the form v~ 'mywv, and so if w = w™! we have u = v as required.
By the description of I', N ;! in Theorem 1.2 it follows that every element of I', N T, ! is an
involution, and no element of I', N T';! is an involution if u # v. Ul

Secondly, we can explicitly compute the rational length generating functions for Aj, each
right cell Iy, and the set of involutions in Aj.

Corollary 4.22. Let B(t) = Y, g t""). We have

n(n—1 2 n(n—1)+L(u
3 ) = 2:( >3(t) D S Qtjl )+ <' )B(t') |
wEA] H:’L:I (1 - t2(2n—z)) wely, H?:l (1 — tz(2n—z))

Moreover, we have

Z fw) _ 2t(n=DB(42)
weAy, w2=1 1o (1 — ti2n—i)

Proof. These are straightforward consequences of the description of A; and I', given in The-
orem 1.2, the uniqueness of expressions from Corollary 4.20, and the explicit length formula
Corollary 3.11 (using also Corollary 4.21). O

We note that it appears that there is no simple product formula for the polynomial B(t).
For example, for n = 2,3 we have B(t) = 1+t+2t> and B(t) = 1+t +2+ 33 + 3t* + 3¢5 + 35 +
3t 4218 +2t9 4+ 210 Generally we have B(1) = 2"~ !nl and deg B(t) = {(b) = sn(n—1)(2n—1).
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5 A factorisation formula in Jx,

We now turn our attention to the asymptotic algebra Ja,. In this section we lift the cell
factorisation from Corollary 4.20 to a factorisation theorem in Ja,, proving Theorem 1.4. We
begin with background sections on the extended affine Hecke algebra and further Kazhdan-
Lusztig theory.

5.1 The affine Hecke algebra
Let g be an invertible indeterminate, and let R = Z[q,q7!].

Definition 5.1. The (equal parameter) extended affine Hecke algebra of type B, is the R-algebra
Heyy with basis {Ty, | w € Wex} and multiplication given by (for w,v € Wex and s € Sa)

TwTy =Ty if E(wv) = f(w) + f(’u)
TwTs = Tys + (q—q )Ty if ((ws) = f(w) — 1.

The algebra Hey admits another basis {X, | v € Wex} defined as follows. For each hy-
perplane H, g5 let H;'Jrké denote the closed half space bounded by H,1xs containing points
N(wy + -+ + wy) for all sufficiently large N > 0, and let H_ s denote the other closed half
space bounded by H,4ps. Let v=s; --- siT.ak be any expression (not necessarily reduced). Let
vo =1 and v, = 54, ---s;, for 1 < p < 7. Let A, = v,Ap, and let €1,...,¢ € {—1,1} be the
sequence defined by €, = 1 (respectively €, = —1) if A, is on the positive (respectively negative)
side of the hyperplane separating A,_; from A,. The element

_ el .. er
X, = TSZ,1 Tsir Tk

does not depend on the particular expression for v chosen, and {X, | v € W} is a basis
of Hex. For A € P let X* = X;,. Then X2 X* = X # = X#X? for all A\, € P. We have
T = X?'T; 1.

The Bernstein relation is
X)\ _ Xsi)‘

— forl1<i<mnand X € P.

A ySsiA P |
L X2 =X"T 4+ (a-a7 )T —a

5.2 Further Kazhdan-Lusztig theory

I on R extends to an involution on Hey by setting

Y awTw= > @l

wWEWext wWE Wext

The bar involution § = q~

In [19] Kazhdan and Lusztig proved that for each w € Wy there is a unique element Cy, € Hext
such that
Cu=Cy and Cy=Ty+» PyuT, with P,y €q 'Zq™"],
v<<w
and by triangularity {C\y, | w € Wex} is a basis of Hex (the Kazhdan-Lusztig basis). For
z,y € Wext write
CoCy= Y huy:C:

2EWext

where hy,, . € R (necessarily m =hgyz)

Let deg : R — ZU{—00} denote degree in q (for example, deg(q~3) = —3 and deg(0) = —o0).
Since hgy . is bar-invariant we have degh, , . > 0 whenever h,, . # 0. Lusztig’s a-function is
the function a : Wex — Z>q defined by

a(z) = max{deg hz,y,z ’ T,y € Wext}-
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It is known that a(z) < £(wp) for all z € Wex. By [36] we have
a(Ay) =n(n—1).
Following Lusztig [26], define v, , .-1 € Z by
hay.. = 7x7y72—1qa(z) + (terms of degree < a(z)).

Let D = {z € Wex | a(z) = —deg Py, } (the set of distinguished involutions).

In [26] Lusztig gave a series of statements (known as P1-P15) that capture the essential
properties of cells, Lusztig’s a-function, the ~-coefficients, and the distinguished involutions. In
the equal parameter setting of this paper, all properties P1-P15 are known to hold (see [26,
Section 15]). We record some of these properties for further use.

P2. If d € D and x,y € Wey satisfy v, 4 # 0 then y = z L

P3. If y € Wex then there exists a unique d € D such that v, ,—1 4 # 0.

P4. If 2/ <pp z then a(2’) > a(z). In particular, a is constant on two-sided cells.

P5. If d € D, y € Wext, and vy, -1 ¢4 # 0, then ~y, -1 g = 1.

P6. If d € D then d* = 1.

P7. For x,y, 2 € Weq we have v,y - = vy 22

P8. If v, .1 #0 then 2 ~g z, 2 ~p y, and y ~g z~ L
P11. If 2/ <pp z and a(z’) = a(z) then 2’ ~pp 2.
P13. Each right cell I' contains a unique element d € D, and v, ;-1 4 # 0 for all z € T".

The asymptotic algebra (also called the based ring) is the Z-algebra J with basis {t,, | w €
Wext } and multiplication given by

taty = Z ’)/:v,y,z*ltza
2EWext

and by P1-P15 it is known that 7 is associative. For each left or right cell I' the submodule Jr
spanned by {t, | w € I'} is a subring of J. Let

JIa, = spang{ty | w € Ay}

Proposition 5.2 ([36]). For u € B, the distinguished involution of T, is d(u) = v 'wyu.

The canonical trace on Hey is the R-linear function Tr : Hexe — R with Tr(T),) = 0w, (see
[10]). Define an anti-involution on Hey by

(Z awTw) " = Z awly-1.

We have Tr(T,,T;) = du and hence Tr(hihg) = Tr(hohi) for hi,hy € Hew. Thus (hi, he) =
Tr(h1h3) defines a nondegenerate symmetric bilinear form on Heyy, with (T3, Tp,) = 0y -

Lusztig has also defined a canonical trace on the asymptotic algebra J (see [26, Section
20.1(b)] and [9, Theorem 5.2]). Define a Z-linear map Tr>* : J — Z and a bilinear form
() : I xJT —Zby

wo( > awtw) — S ag and (4, B)® = Te™(AB),

wGWext deD

where (3. awtw)” = D awt,-1. Then Tr™ is a trace functional on J and (ty)wew., iS an
orthonormal basis of J. That is, (ty,ty)> = 0z.
For A € J let
|A]|? = Tr°(AA*) = (A, A)>.
Explicitly, if A = Y awty then [|A|> = Y, a2. In particular, we have the following obvious
lemma.

Lemma 5.3. If A € J with ||A||*> = 1 then A = £t,, for some w € Wex.
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5.3 A factorisation formula in Ja,
Recall the definition of h, , . from Section 5.2, and define f,, . € R by

Z f:v,y,sz

2EWext

The following lemma gives a useful way of computing certain coefficients of h , . from the much
simpler polynomials f,, .. Define g;,. € Rby C.Cy =", guy-T-.

Lemma 5.4. For all x,y, z € Weq we have

(1) deg fuy,z,deg gu,y,z, deg hy y . < €(x) + L(y) — £(2);
(2) the coefficients of both q‘@HW—=) gpd g+
equal.

)
W) —tx)~1 4p fewzr Goy,z and hg, . are

)+ L(y) — €(z) and deghey,. < {(z) + £(y) — £(z) by [26,

Proof. We have deg fr,. < {(x
= Ty + > ey Pur 2Ty, and similarly for €y, and using these in

Section 13.1]. Writing Cj
CrCy =", Guy,- T gives

Jz,y,z = fac,y,z + E : Py’,yfz,yﬁz + 2 : Px’,xfx’,y,z + E : P$/7xPy/7yfx/7y/7z.

y'<y ' <z ' <zy <y

In particular deg g, .. < €(z) + £(y) — £(2) (proving (1)), and

deg(gx,y,z - fﬂc,yz) < l(z)+L(y) —(z) — 2.
On the other hand, we have T, = C. + >/, R./ .C.» where R,/ , € q~'Z[q™!]. Using this
expression in C;,Cy =Y, guy.-T>, and comparing with C,Cy = 3", ha, .C, it follows that

hl’:yvz = g%y,z + : :ngyvz/RZ9zl'

2>z

2y ,Z) < l(z) + L(y) — £(z) — 2. Hence the coefficients of qf(®)+¢¥)~(=)

This gives deg(hzy,-
(v)— f(z) .0 foyzs Gryz, and g, . are equal. O

and also of qf(®)+
Lemma 5.5. Let v,y € Ay. If 75, -1 # 0 then
(z) < Ll(x)+L(y) —n(n—1).

Proof. 1f 7, -1 # 0 then z € Ay (by P8) and so deghy,, . = a(z) = n(n — 1), and the result
follows from Lemma 5.4(1). O

Recall that the distinguished involution of T, is d(u) = v~ *w,u for u € B.

Lemma 5.6. For u,v € B we have
(1) tytw =tw if w € Fu, and tyytw =0 if w ¢ Ty

(2) twtde) =tw fwely L and twtqe) =0 ifw ¢ ;L

(3) td(utwtaw) = tw szel“ NLY and tyytwtae) =0 if w ¢ TuN T L
(4) tye) Ia taw) = spang{ty |w e [, NI} = spanZ{tu Imyw | A€ P*}
(5) If :p ey and y € Iy then tut] € tyu)Ja, td(w)-

Proof. (1) By P7 and P2 we have tqu)tw = Y., Yd(w),w,z-1t: = 2. Yzt dw)tz = Yww-1,dwtw
and the result follows from P5 and P13. Statements (2) and (3) follow.

(4) From (3) we have ty(,)Ja,ta(s) = spanz{ty | w € 'y N1}, and the result follows from
Theorem 1.2. For (5), we have tet, = >, Yay-1.-1ts, and if 45 -1 .1 # 0 then by P7 and P8
we have z € I, N1, and apply (4) O
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We now prove Theorem 1.4, which we restate for convenience.
Theorem 5.7. For u,v € B and X € P, we have t,—1,, tm,tw,o = ty=1m,o-

Proof. Write a,, = t,-1,, . We claim the following:

Auly = td(u)

Ay, Gy, = tyy,, - (5.2)

We first prove (5.1). Since u~'w, € I', and w,u € I';!, by Lemma 5.6 parts (4) and (5) we

have
*
Ay @y, = E c,\tu_lmw

AeP;

where cx = Vy-1w,, wpu,(u=Tmyu)-1- By Lemma 5.5, if c¢x # 0 we have
C(utmyu) < 0w twy) + E(wpu) — n(n — 1),

and so by Theorem 1.2 we have £(m)) < n(n—1). By Corollary 3.11 this forces A = 0 or A = ¢,,.
The latter case is impossible because v 'w,, w,u € W, and u_lmenu € Wext \Wagr. Hence
aua;, = kty(y) for some integer k. Taking traces gives k& = 1, hence (5.1).

We now prove (5.2). Let p = a}a,. By (5.1) and Lemma 5.6(1) we have

p? = al(awal)a, = a wtd(w)Gu = a,ay = p.

Moreover, since p* = p we compute (using Lemma 5.6)

(tw, — ) (tw, — p)* = (tw, — P)2 = tfvn - (twnaZ)au — ay(autw,) +p2 =tw, —2p+p=tw, — D

Thus Tr*°((tw,, —p)(tw, —p)*) = Tr*(tw,, —p) =1 -1 = 0. Writing ty,, —p = ) _,, Cwtw We have
Tr°((tw, — P)(tw, —P)*) = >_,, ¢%, and hence p = ty,,, proving (5.2).
We now complete the proof of the theorem. By (5.2) we have

Hautmu2 = Tr*(aytm, th, ay) = Tr (tmktha ay) = Tr”(tmktgktwn) = Tr(tm,th,) = 1,

my “u my

and so by Lemma 5.3 we have a,tm, = £t,, for some w € Wey.
To compute w (and the sign), write my = wyz) with z) = u~'mu. It is elementary that
TZ = q"" D1+ )T, + > y<w, Ty with f € a~'Z[q7'], and hence

Tytw, Ty = Ty 1 T2 Ty = q" D1+ )Ty -1, + (terms Ty, with £(y) < €(u™'my)).

Thus fi,-1w,.myu-1my, = q"" V(14 f), and since n(n—1) = £(u"" w,)+£(my)—£(u""my) we have
Pty iy u-tmy = q"("=1 4 (strictly lower powers) by Lemma 5.4. Since n(n — 1) = a(u~"'m))
this gives 7,-1w,, my,(u-1my)-1 = 1. Hence we have shown that aytm, = t,-1p,-

We now apply a similar argument on the right. We have

[tu-1my @sll? = Tr™ (ty-1m, asauty 1) = T (tu-tm, twa ty 1) = Tr(tym1m U1 ) = 1,

and hence t, -1, a; = *+ty for some w € Wey. Using the fact that my is an involution, we have
my = m;lwn, and hence

Ty=10my Towo = Tu,lTxngv%nTv = q"" V(14 )Ty 1m0 + (terms T, with £(y) < £(u" myw)).

Since n(n — 1) = £(u"tmy) + £(wyv) — £(u"'myv) we again use Lemma 5.4 to conclude that

*
Aytmy ay = ty—1m,p- O
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6 Leading matrices and the asymptotic algebra Jx,

In this section we determine the asymptotic algebra Ja,, proving Theorems 1.5, 1.6, and Corol-
lary 1.7. As outlined in the introduction, the general approach centres around a careful study
of a certain finite dimensional representation. We introduce this representation 7 in Section 6.1,
and recall combinatorics of 7 in Section 6.2. In Sections 6.3 and 6.4 we show that m satisfies
important “killing” and “boundedness” properties, allowing for the definition of leading matrices
¢(w) in Section 6.8. We ultimately compute the leading matrices in terms of Schur functions of
type Cp—1 in Section 6.12. A crucial ingredient for this calculation is the identification of the
asymptotic Plancherel density associated to the cell in Section 6.9. Finally we give applications,
and verify Lusztig’s conjecture [23, Conjecture 10.5] for the cell, in Section 6.13.

6.1 The representation m =7,

Let z1,...,2p-1, 2, be commuting invertible indeterminates, and write
+1 +1 2 +1 +1 2
Rlz] =Rz, ...,25 /(25— 1) and Zz] =Zlz7 ..., 2, /(2 — 1).
Let € denote the image of z, in R[z], and so €2 = 1. For A = Ajey + -+ + Aye, write 2 =
zlAl . ~-z,)1"f116’\". Since €2 = 1 we have z* = z* whenever \ — w e Zax . Thus each element

f € R[z] has a unique expression as

f= Z ayz® with ay € R.
AEP,

Write [f]et = ag for the constant term of f in the above expression. Define an involution * on
Rlz] by 2f =z ' for 1<i<n—1lande =e.

Let £, = (T, X* | A € P) be the Levi subalgebra of Hex generated by T, and X?*, with
A € P. Consider a 1-dimensional right £,-module over R[z] generated by an element £, with
(for1<i<n-—1)

& T = _q_lgz
gz - X = Zzﬁz
g X = —eq e

(it is straightforward to verify that this defines a £,-action using the Bernstein relation). Let
Y, : (X* | A € P) = R[2] be the evaluation map with 1,(X¢) = z; for 1 <i < n —1 and
1. (X)) = —eq™! (thus 1), gives the action of the element X* on &,).

Let 7, = Indgel“(ﬁz) be the induced representation of He, with associated right He-module

Mz = (R[z]gz) ®En Hext-

Let x, be the character of m,. We will typically write m = 7., x = x», and M = M, unless the
dependence on z is explicitly required.
By [18, Section 5.5], for any choice of fundamental domain F' for the action of T,, on X,, the
set
{{&, @ X, |ueF}

is a basis of M, and we write w(h; F) for the matrix of 7(h) with respect to this basis. Moreover
if F is another fundamental domain then the change of basis matrix converting from the F-basis
to the F’-basis is a monomial matrix with each nonzero entry of the form z* with A € P,.
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6.2 n-folded alcove paths and the path formula

In [18] we developed a combinatorial formula for the matrix entries of 7(7T,; F) in terms of
J-folded alcove paths. In the present situation the relevant set J is J = {n}, and we give a brief
description of n-folded alcove paths below (see [18] for further information and illustrations).

Definition 6.1. Let @ = s;, - - - 5;, 0% be a reduced expression for w € Wey. An n-folded alcove
path of type W is a sequence p = (uo, . . ., Uk, upc®) with ug, ..., ux € Wex such that ugAg C A,
and for 1 <r <k,
(1) upAog C A, (that is, u, € X,,),
(2) u, € {ur—1,ur_18;,.}, and if u,_; = u, then either:
(@) up—18i, Ao € Ay, or
(b) ur—18i, 40 € A,, and the alcove u,_1Ag is on the positive side of the hyperplane
separating the alcoves u,_1Ag and u,—1s;,.Ag.

If p = (ug, ..., uk, upo®) is an n-folded alcove path, we define the start of p to be start(p) = wy,
and the end of p to be end(p) = upo®. Moreover:

— If up = up—15;, then the index r is called a crossing;

- If up = up—q and u,—_18;,. A9 C A, then the index r is called a fold;

— If up = up—1 and uy—_1;, Ap € A, then the index r is called a bounce.
We write

f(p) = #(folds in p) and b(p) = #(bounces in p).

If F'is a fundamental domain for the action of T,, on X,,, then each w € X,, can be written
in a unique way as w = Tyu with A € P, and v € F. We define the F-weight and the F-final
position of w = Tyu as

wtp(w) =X € P, and Op(w)=ue€F.
Note that the F-weight and F-final position typically change when one changes the fundamental
domain F'.

If p is an n-folded alcove path we define wtr(p) = wtg(end(p)) and 0 (p) = Or(end(p)). For
u € X,, and W a reduced expression for w, let

Pn (W, u) = {all n-folded alcove paths of type w starting at u}.

Theorem 6.2 (Path Formula). Let F' be a fundamental domain for the action of T, on X,,
and let (£, ® Xy)uer be an associated ordered basis. The matriz entries of m(Ty,) with respect
to this basis are given by

f(Twi Pl = 3 (@) *@(q—q @),
{pEPn (w,u)|0F (p)=v}

Define a x-anti-involution on matrices A € Matg|(R[z]) by transposition composed with

applying zj = z; L entrywise (with €* = ¢€). The path formula in Theorem 6.2 implies the

following important property.
Proposition 6.3. For any choice of fundamental domain F we have
w(To; F) = m(Ty; F)*.

Proof. The proof in [9, Lemma 4.6] applies verbatim for the fundamental domain F' = "W}, and
changing fundamental domain results in a change of basis matrix that is monomial with nonzero
entries of the form z* for A € P,, and the result follows. ]
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6.3 The killing property

For each 1 < i < n define an intertwiner

q—q!

.

Note that U; is not an element of the Hecke algebra, however it can be considered as an operator
acting on any He-module for which each 1—X —o acts invertibly (after an appropriate extension
of scalars; the module M, constructed in Section 6.1 will satisfy this property). We record the
following well known consequences of the Bernstein relation (see [9, Proposition 2.31]).

Proposition 6.4. We have the following.
(1) The elements U; satisfy the braid relations, and hence the element U, = U;, ---Uj,
independent of the particular reduced expression w = s;, -+ S;, .
(2) UpX? = XU, for all X € P and w € Wy.
(3) We have

18

U2 q2(1 —q 2X ) (1 — g 2X)
’ (1—X")(1—X)
(4) If u,v € Wy then U, U, = b(X)Uy, for a rational function b(X).

Triangularity between T,, and U, implies that M has “basis” {£, ® U, | w € "Wy}, where
one must extend scalars to rational functions in z,...,2,—1. Since &, - T, = —q~ !¢, and
&, LXom = q~2¢, we have &, - U, = 0. It follows, using Proposition 6.4, that with respect to the
basis {£, @ Uy, | u € "Wy},

(1) the matrix 7(X?) is diagonal for each \ € P.

(2) the matrix for 7(Uy), w € Wy, has at most one nonzero entry in each row and column.
Indeed, if u € "W, then the uth row of 7w(U,) is zero if uw ¢ "Wy, and has a nonzero
entry only in the (u, uw)-position if uw € "Wj.

Theorem 6.5 (Killing Property). We have 7(Cy) = 0 for all w in the lowest two-sided cell.

Proof. It is well known that if w € Ag then C, € HC\,H. Thus it is sufficient to show that
m(Cwy) = 0. It is well known that (see for example [9, Theorem 2.32])

1—q2x—
CWO = qf(WO) Z qie(w)cw (X)Uw where Cw (X) = H :Lfﬁ

weWp a€d\®(w)

Thus
m(Cug) = ¢ > q 7 (e (X)Uw).
weWp

Working in the basis of intertwiners, the matrices (¢, (X)) are diagonal, and the matrices
m(Uy) have at most one non-zero entry in each row and column. Moreover, the matrices w(Uy,),
w € Wy, have distinct support (the places of the non-zero entries; because the uth row of w(U,,) is
either 0, or has an entry only in the uw-column in the case that uw € "W, see Proposition 6.4).
It follows that m(Cy,) = 0 if and only if 7(c,(X)Uy) = 0 for all w € Wy. This is equivalent to
the statement

(&, ®@Uy)  cp(X)Uy, =0 for all u € "Wy and w € Wy.

We have .
1— qf2wz(Xfua )
1— wz(X—uaV)

(€ @ Uy) - cw(X)Uy = [ H (€ ® UpUy).

a€<1>0+\<b(w)

If ww ¢ "Wy then £ ® U,U,, = 0 (because U,U,, = b(X)U,,, for a rational function b(X), and
if uw ¢ "Wy then uw = s,y with ¢(spy) = ¢(y) + 1, and hence Uy, = UpUy, but &, - Uy, =
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0). Thus suppose that uw € "Wy. Since £(s,u) = £(u) + 1 we have ula,, > 0, and since
{(spuw) = L(uw) + 1 we have w™(u"tay,) > 0, and so uta,, € &3 \®(w). Hence the factor
1-— q*Q@/JZ(X*O‘X) appears in the numerator of the above product, and since wZ(X*“x) =q° we
have 7(Cy,) = 0 as required. O

6.4 Boundedness
The following result links the degree of matrix entries of 7(7T,) to a(A;1) =n(n —1).

Theorem 6.6 (Boundedness). Let F' be any ordered fundamental domain. Then
deg[m(Tw; F)]uw <n(n—1) for allw € Wexe and u,v € F,

and if equality holds for some u,v € F then w € Ay.

Proof. By [18, Theorem 6.9] there is a global bound deg[m(Ty; F)luys < N for all w € Wex
and u,v € F. Let b be the minimum such integer N (by [18, Proposition 6.5] the integer b is
independent of the particular fundamental domain chosen, and so we will write 7(7,) in place
of m(Tyw; F) in the proof below).

Let w € Wey be such that m(T),) attains the degree bound b, and suppose that this degree is
attained on the uth row of 7(T},). Let v1,...,v; € F index the columns with deg[n(Ty)|un, = b
for 1 <r < k. Write

[7(To)] vy = arq® + (terms of strictly lower degree), with a, € Z[2].
By Proposition 6.3 we have 7(7T,,~1) = m(T},)* and so
[7(Tyy-1)]opu = aiqP + (terms of strictly lower degree).

By triangularity it follows that [7(Cy)]uw,. = a-qP + (terms of strictly lower degree) and that
[7(Cy=1)]oru = aiqP + (terms of strictly lower degree). Thus

k
[T(Cw)7(Cop=1)]uu = (Z amiﬁ)q% + (terms of strictly lower degree).
r=1

Writing a, = ) \cp ay 22" with a,\ € Z we have [a,a}]¢c = Y P, a%)\ > 0, and hence the
coefficient of 2P in the above expression for [7(Cy)7(Cyy-1)]u does not vanish. Thus the matrix
7(Cyp)m(Cy-1) attains degree 2b in the (u, u)-entry.

On the other hand,

T(Cu)T(Cy1) = Y hyy 1 ,7(Ch). (6.1)

By Theorem 6.5 the sum is over z in two-sided cells A with A >rr A, and hence by P4 we
have a(z) < n(n — 1) for all such z. By triangularity and boundedness we have deg 7(C.) < b,
and since deg hy, ,,-1 , < a(z) it follows that the maximum degree on the right hand side of (6.1)
is n(n — 1) +b. Thus 2b < n(n — 1) + b, and hence b < n(n — 1).

Suppose now that 7(7y,) attains degree n(n — 1), in position (u,v), say. As explained in
the first paragraph of the proof, 7(Cy,)m(C,-1) attains degree 2n(n — 1) in position (u,u), and
then (6.1) implies that there exists z € A with A >pg Ay such that degh,, -1, =n(n—1) =
deg[m(C)]uu. Thus a(z) = n(n — 1) (because a(z) < n(n — 1)) and hence z € A; by P11. But
then P8 gives w ~g z, and so w € A; as required. O
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Example 6.7. Comparing the path formula Theorem 6.2 with the boundedness result Theo-
rem 6.6, it is natural to ask if the contribution (—q)~"®)(q — q=1)f® of each path p € P, (1, u)
is bounded by n(n — 1). This is not the case, and in general it appears to be a complicated
problem to give a combinatorial proof of Theorem 6.6 using the path formula. For example,
consider n = 4, and so n(n—1) = 12. Let @ = 13213432434123024343202 (a reduced expression)
and v = te,4e,5¢,- The paths p;, 1 < ¢ < 4, given below are n-folded alcove paths of type W
starting at the identity and ending at v (here i indicates a fold, and i indicates a bounce):

= 132134324321123024343202

AAA A AN AN A AAAA

(13 folds, 0 bounces)
(14 folds, 1 bounce)
(
(

=
(V]
OJ
H
w
=~
Qo>
[\
=~
Q>
>
—
D>
Qo>
(@)
[\
>
w
i~
w
[\~
(@)
[\

AAAAAAAAAAA

14 folds, 1 bounce)
15 folds, 2 bounces).

ps = 13213432434123024343202

In particular, each of these paths p; has degree contribution exceeding 12 (indeed it turns out
that these 4 paths are precisely the n-folded paths of type w starting at the identity, ending
at v, with degree contribution at least 12). Their respective contributions are (q — q~!)!3,
—q Y g—qg H", —q (g — g H™, and q72(q — q 1) (with each multiplied by 241+ = ezy).
The combined contribution is thus (1 —2(1 —q ) + (1 =g 2)?)(q—q )2 =q*(q—q ")
which has degree only 9 (in agreement with Theorem 6.6).

Thus we see that the minus signs introduced by bounces can lead to delicate cancellations
of leading terms in the path formula, making a “path-by-path” bounding argument difficult. Of
particular note, the contribution from path p; exceeds n(n — 1) without any bounces, however
the leading term is cancelled by paths with more folds and with bounces, having the same degree
contribution.

6.5 The matrix 7(Cy,) with respect to the W, -fundamental domain

It is well known that the Kazhdan-Lusztig basis element for the longest element w; of a spherical
Coxeter group Wy is

O, = g lw) Z q'@)T, = gtws) Z q*‘f(’”)TuT_ll.

weWy weWy

In particular, note that CV%J = q_e("”)I/VJ(q2)CWJ7 where W;(q?) = ZweWJ q2tw),
The formula in Lemma 6.8 below gives another expression for C,,, for any proper subset
J C Sif in terms of signed lengths, where the signed length of w € Wey is

e(w) = #{B € ®(w) | wAy C Hj } — #{B € D(w) | wAy C Hg }.

Lemma 6.8. If J C Sy is a proper subset, then

Cuy = g2 3 @)

weWy

Proof. Note that C,, is the unique element A of H of the form A = ZveWJ ay Ty with ay, =1
and ATSJ. = qA for all j € J (to see this, use the formula ATsj = gA to see that Ays; = q ta,
whenever vs; < v, which determines all coefficients a, given that a,,, = 1). It is straightforward
to check that the element A = q~WJ) ZweWJ =) X, satisfies these properties. ]

Lemma 6.9. We have e¢(wy,) =0, and
e(w) < Ll(uw)  for allw e W,

with equality if and only if w = u.
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Proof. We have w,, = w ,u with ¢(w;,) = (wq,) + £(u) (see Lemma 2.1) and so ®(w,,) = ;7 =
O (wo,pn) LUwop x ®(u). We have ®(wp ) ={e; —ej | 1 <i<j<n}and wy, *P(u) =P(u) =
{—(ei+ej)+d |1 <i < j<n} (see Lemma2.1). Theroots f € ®(wp,) = <I>0+7n have w, A9 C Hp
and the roots 8 € wg, » ®(u) have w4y C Hg, and hence £(w,) = —f(woy) + £(u) = 0.
Moreover, if w is any element of W,, then the hyperplanes crossed in a reduced expression for
w are contained in ®;7 = P(wg,) L ®(u), and hence e(w) < e(u) with equality if and only if
w = u. O

Corollary 6.10. We have
o= Y ax,,

wGWn
Proof. This follows from Lemmas 6.8 and 6.9. 0

Lemma 6.11. With respect to the W, -fundamental domain, we have
[T(Cwns W) luw = qs(“)JrE(”) for u,v € W,
Moreover x(Cy,,) = q~ ‘W)W, (¢?).

Proof. For u € W, we have (£®X,)-Cw, =W (£®C,, ), and the first statement follows using
the formula in Corollary 6.10. For the trace formula, we have x(Cw,) = >_,cw. q?*(®). But the
formula in Corollary 6.10 implies that CZ, = (ZuEWn q2€(“))C’Wn and hence »_ q2) =
q I, (g2). 0

Corollary 6.12. The matriz w(Cy,,; Wy,) is bounded in degree by n(n—1). Moreover, this degree
is attained only in the (u,u)-position, where the entry is ™",

Proof. The general degree bound follows from Theorem 6.6, however we see it directly here using
Lemma 6.11 and Lemma 2.1 because deg[m(Cw,,)]un < 2¢(ut) = ¢(wy,) = n(n — 1) with equality

n —

if and only if u = v = 1. O

Remark 6.13. Using the W,-fundamental domain leads to the remarkably simple formula for
7m(Cyw, ) in Lemma 6.11. We note that other choices of fundamental domain introduce monomials
2* into the matrix entries.

6.6 Leading matrices and the asymptotic representation

Definition 6.14. The leading matriz of w € Wey is

c(w) = spg-1—o(a """V (Cui F)) = spq-1-0(a """ V7(T,y; F)) € Matgn-1,4(Z[2]),

where sp,-1_ is specialisation at q~! = 0. By Theorem 6.6 this specialisation is well defined,

and if ¢(w) # 0 then w € Ay. Moreover, one can use either Cy, or T,, in the above definition, by
triangularity between these bases.

Remark 6.15. Note that in the definition of the leading matrices we are fixing the choice of
fundamental domain F = uB. This is the choice of fundamental domain that ultimately leads to
the cleanest description of the asymptotic algebra.

We will index rows and columns of our matrices by B. Thus the (u,v)-entry corresponds
to the row and column of uu and uv. For u,v € B let E,, denote the |B| x |B| matrix with
(u,v)-entry equal to 1 and all other entries equal to 0. By Corollary 6.12, and the fact that
u e W, NF, we have

c(wn) = E11. (6.2)

We also have the following important property.
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Corollary 6.16. We have ¢(w™1) = c(w)* for all w € Wex.

Proof. This follows from the formulae for [7(T)]y, and [7(T,-1)]y, . in the proof of Theo-
rem 6.6. O

The following theorem shows that the leading matrices give a representation of the asymp-
totic algebra (ultimately we will prove that this representation is faithful, but this is far from
obvious at this stage).

Theorem 6.17 (The asymptotic representation). The Z-linear map
7% Ja, — Matyg|(Z[z])  with  ty = c(w)
1 a Z-algebra homomorphism.

Proof. For x,y € A1 we have

[q " DOy F)Hqin(nfl)ﬂ(cw F)l = Z [qin(nil)hw,y,z}[qin(nil)ﬂ(az; F)l.

zE Wext

The left hand side specialises at q~' = 0 to ¢(x)c¢(y). By Theorem 6.5 the sum on the right is
over z € A with A > Ay, and hence a(z) < n(n — 1) by P4. Hence degq ™" Yh,, . <0 for
all terms in the sum. Thus each nonzero term [q ™"V, , .][q """V 7(C,;F)] specialises at
q~! = 0, and if this specialisation is non-zero then ¢(z) # 0 (and so z € Ay, see Definition 6.14),
and deg hy, > = n(n — 1) = a(z) (and so q"" "V, , . specialises to Voy,2—1)- Hence

C(ﬂ?)C(y) = Z ’Yx,y,z—lc(z)

z€EA1
as required. ]

Corollary 6.18. We have the following.
(1) If w e TNT~! and ¢(w) # 0 then c(w) has a unique nonzero entry in the (1,1)-position.
(2) If ¢(w) has a nonzero entry in the (1,1)-position then w € T NT ! and the nonzero entry
18 Unique.

Proof. (1) If w € TNT~! then ty,ty, = ty, and tytw, = t, (see Lemma 5.6). Thus by Theo-
rem 6.17 we have ¢(wy)c(w) = ¢(w) and c(w)c(wy,) = ¢(w). By (6.2) we have ¢(w,) = E1; and
it follows that if ¢(w) is nonzero, then there is a unique nonzero entry, and this entry is in the
(1,1)-position.

(2) If ¢(w) has a nonzero entry in the (1, 1)-position then ¢(wy)c(w) # 0, and so by Theo-
rem 6.17 we have t,, t, # 0 and so w ~g w;,. Similarly since ¢(w)c(w,) # 0 we have w ~p, wy,
andsow € 'NI~L O

6.7 (,-invariance of y

The group G,, acts on R[z] in the natural way as signed permutations of z1, ..., z,—1 and fixing €.
Write

R[] = {f(2) € R[] | g~ f(2) = f(2) for all g € Gy},
and similarly Z[z]% = {f(2) € Z[z] | g- f(2) = f(z) for all g € G, }.

Theorem 6.19. Working over Q(q, 21, ..., 2n—1)[2n) /(22 — 1) we have 7, = 7y, for all g € G,.
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Proof. For 1 <i<n—21let U =U,;, and let U},_; = U,,_1UpUy_1. For 1 <i <n — 1 we have
U!T, = T,,U!. We claim that U/, T, = T,,U!,_;. Since T, = U, + (q — q~1)/(1 — X 2¢n) it is
sufficient to prove that U/ _; commutes with both U,, and X¢*. By the braid relation we have
U, Uy =Up1UpUp—1U,, = UUp1U U, -1 = UpU], 4, and since $,—15p,8p—1€65 = €, we have
U/ _ X = XU/ _,. Hence the claim.

Thus for each generator s; of G,, (where s, = s; for 1 <i<n—2and s,,_; = sp_15,5n—1)
there is an intertwiner U, commuting with 7,, and with U/p = (s} - p)U/ for p € R[P]. These
operators satisfy the B,,_; braid relations. Indeed, the only nontrivial case to check is the 4-term
braid relation for U),_, and U],_;:

UpoU,, 1 U, _5Uy, = Up2Un 1Upn(Up-1Up—2Upn 1) UpUp 1
= Up—2Up1Un(Up—2Up—1Up—2)U,Up—q
= (Un—2Up-1Upn—2)UpUp—1UpUp—2Up
=Up-1Up—2(Up—1U,Up—1Up)Up—2Up 1
= Up-1Up—2UUp 11U, (Up—1Up—2Up 1)
=U, 10, U, _oU,_1UUp_2U,-1Uy_o
=Up-1Un(Up—2Upn-1U,—2) U Uy —1Up o
— (Un-1UnUn-1)Un—9(Un—1UnUn—1)Un_a
= Up1Up2Up 1 Uy
/

Hence for each g € G, there is a well defined intertwiner U, = Uj, --- U] whenever g = s} -+ s;

1k
is a reduced expression in the Coxeter group G,, generated by s},..., s ;.

For each g € G, define a right module intertwiner I,(2) : M, — Mg, by £, @ h = g @ Ugh.
To check that this is well defined, note that:

(€= ® U;)X/\ =gz ® XQAU; = (X)) (& ® Ug),
and
(€92 @ Up) Ty = &gz @ TyUj) = —q (&= @ Up).

To prove that 7, & 7., over Q(q,21,...,2n—1)[2n]/(22 — 1) we must show that each I,(z) is
invertible, and it suffices to prove this for the generators g of G,,. For 1 <1i < n— 2 we have (by
Proposition 6.4)

_ q*zzi_lziﬂ)(l — quziz;}l)

e e ou =l
I (6i2) o Iy (€ 1) = (60 UY) =Lt

(€. ®1),

and since {; ® 1 is cyclic this gives I (siz)ol s (z) is a nonzero multiple of the identity. For the

generator s/,_;, a computation using Proposition 6.4 shows that U,’lz_l = k(Xp-1,X,), where

k(X,Y) equals

6(1—q XY (1 —q2XY)(1 —q2X2)(1 - g 2X)(1 —q2X'Y)(1 — g 2XY )
d 1 X- Y11 _XY)(1 - X231 X3l - X-¥)(1_ XY
Thus
I,

n—1

(Sp—12)© Iy (2)(&: ®1) = K(zp-1,—eq” (& @ 1)

In particular, both (2,1, —q~!) # 0 and k(21,97 ") # 0 (as element of the field Q(q, 21, . . ., 2n_1)),
and it follows that the intertwiners I,(z) are invertible (over rational functions), and hence
T, =2 7y, for all g € Gy, O

Corollary 6.20 (G ,-invariance). We have x(h) € R[z]%" for all h € Hey.

Proof. This follows from Theorem 6.19 by taking traces. O
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6.8 The leading matrix ¢(m,)
The n-dominance partial order on P;f is given by

n—2

w<p A ifand only if \—p € ZZZO(ei —eit1) + Z>0(2ep—1).
i=1

Lemma 6.21. If A\, u € P with p <, X then £(m,) < £(m)) with equality if and only if u = A.

Proof. By Corollary 3.11 we have ¢(my) = n(n — 1) + H()), where H is the linear function
H(\) =Y (2n — 20 + 1)\ Since p <, A we have A — = 3" P a;(e; — eiy1) + an—1(2en_1)
with ai,...,a,-1 > 0. We have H(e; —e;41) = 2 and H(2e,—1) = 6, and hence ¢(my) —¥{(m,) =
2 Z?;f a; + 6an—1 > 0. Moreover, equality holds if and only if a; =0 forallt =1,...,n — 1,
and so A = p. O

Lemma 6.22. If0 <i<n—1 thenus; € X,, and us;Ag is on the negative side of the hyperplane
separating uAg and us; Ag.

Proof. Since u € W,, we have us; € W,,, and hence us; € X,, (as W,, C X,, by Lemma 3.6). A

direct calculation, using u = wq Wy, shows that ux a; € ®f + Z§ for all i € {0,1,...,n — 1},
and this is equivalent to the statement that us;Ag is on the negative side of the hyperplane
separating uAg from us; Ap. ]

For A € P} let My(z) € Z[z]%" be the monomial symmetric function
1
My(2) = e > 27
Stabo, (V] 2=

Theorem 6.23. For each A\ € P;\ we have
c(my) = fa(z)Er1  for some fx(z) € Z[2]".

Moreover, writing fx(z) in the basis of monomial symmetric functions

(z) = cMy(z) + Z cuM,(2),

REPT\{\}
we have ¢ € Z~q, and if ¢, # 0 then X £, p.

Proof. We will use the path formula (Theorem 6.2) to compute a leading term in 7(Tpm,; F) of
degree n(n — 1) (which in particular shows that the (1,1)-entry of ¢(m)) is nonzero). From
Theorem 1.3 we have my = w,, - ) with ), = u~!m\u. Let p be the path of type my = Wy, - Ty
starting at u € F with the w,, part being all folds, and the remaining ¥y consisting of crossings.
We must show that this is an n-folded alcove path. The ¢(w,,) folds are permitted by Lemma 6.22.
The remaining crossings start at u and end at end(p) = ux)y = mu € X, (because F is a
fundamental domain). Thus the start and end of this part of the path lie in X,,, and since the
path is of reduced type convexity implies that the entire path lies in X,,, and so indeed p is a
valid n-folded alcove path. We have wtp(p) = A and 0g(p) = u, and so by Theorem 6.2 the path
contributes (q — q~ 1)~V 2A to the (1, 1)-entry of the matrix 7(Tp, ; F).

We must show that this leading contribution (™~ z* from p cannot be cancelled by con-
tributions from other paths. Thus suppose that p’ is another path of type m) starting at u
and ending at 7yu (hence contributing a multiple of z* to the matrix entry). Thus u='r\u is
obtained from w,,(u~!'7\u) by deleting the generators corresponding to the folds and bounces
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in p/. Moreover, this path p’ must attain at least degree n(n—1) to potentially cancel the leading
contribution q"("~Yz* from p, and so f(p') — b(p') > £(wy,). Putting this together,

o(my) = L(wy) + £ )
< Uwy) + Lwpu ) — f(p') — b(P)
< L(wp) + £(my) — £(wy) — b(p') — b(p')
= £(my) — 2b(p').

Hence b(p') = 0 and f(p) = n(n — 1), which raises the leading contribution to 2q™"~1 2

(assuming p’ # p). Hence the leading term does not cancel, and moreover it proves that ¢ > 0
(with ¢ as in the statement of the theorem).

Thus [¢(my)]1,1 # 0, and so by Corollary 6.18 we have that ¢(my) = fi(z)E;,; for some
fa(z) € Z[z]. Moreover, since x(Tm, ) is Gp-invariant (by Corollary 6.20) and f)(z) is the coeffi-
cient of q"("~1) in this trace (as 7(Tm,; F) = q"" "V fy(2) E1 1 + (terms of strictly lower degree))
we have f)(z) € Z[2]%". Thus f(z) can be expressed as a sum of monomial symmetric functions.

Finally we show that if M, (z) with 4 € P occurs with nonzero coefficient in fy(z) then
A £y, p. The argument is similar to the argument in the second paragraph of the proof — now
there is a path p” of type m) starting at u and ending at 7,u, with f(p”) — b(p") > ¢(w,,). Thus
u_lTuu is obtained from w,, (u~17\u) by deleting the generators corresponding to the folds and
bounces, and so as above we have £(m,,) = £(w,,) +£(u"t7u) < £(my) —2b(p"). If £(m,) < £(m))
then by Lemma 6.21 we have X\ £, p. If £{(m,) = £(m)) with A <,, p then Lemma 6.21 gives
A = u, completing the proof. ]

Remark 6.24. Ultimately we will see that f)(z) is a single Schur function, and in particular
c =1 and the terms M, (z) appearing in the sum have p <, A.

6.9 The asymptotic Plancherel density

The Plancherel Theorem of Opdam [27] is a spectral decomposition of the canonical trace func-
tional Tr : H(q) — R, where H(q) denotes the algebra He with parameter q specialised to
a real number ¢ > 1. The theorem expresses Tr(h) as an integral over the tempered dual of

Hext(Q):
Tr(h) = /A e (1) dtg ).

H(q)emp

The spectrum is organised by induction data £ = (P, d, z) where P is a finite root system
parabolic, § is a discrete series representation of the corresponding semisimple affine Hecke
algebra, and z € TF is a unitary unramified parameter. Twisting J by z and inducing from the
affine Levi subalgebra produces mp, ..

The representation 7. from Section 6.1 corresponds to the parabolic Wy, 1 = (sn). The
associated semisimple affine Hecke algebra is the {s;}-affine Hecke algebra H, ) generated
by T,, and X (see [18, Section 5.3]) of extended type A;. The discrete series representation
d = o of Hy, y is the 1-dimensional representation with 7, acting by —q~! and X** acting
by —eq~!. The twisting by z € T.X corresponds to the action of the additional lattice elements
X, ..., X1 byz,...,2,—1 (these elements X with 1 < ¢ < n—1 are in the Levi subalgebra,
but not in the semisimple {s,, }-affine Hecke algebra). Here we specialise z1, ..., 2,1 to nonzero
complex numbers, and € to £1. The tempered representations have |z;| = 1.

Let

(L+eq't)(L+eg 't
(1+eq3t)(1+eq3t71)

1—tH(1 -t ,
N(t) = a —(q_Qt_liél — q)—2t) and N'(t) =
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Theorem 6.25. For each choice € = +1 the density of 7, in the Plancherel Theorem is

e I R (e

1<i<j<n—1

Proof. Tt follows from [27, (4.96) and Theorem 4.43(ii)] that the Plancherel mass for each rep-
resentation 7, . (e = £1) is

fdim(d,)

7mp Z,€ z
B, "

dvgc(z) =

where dz is normalised Haar measure on T"!, with T the group of complex numbers of mod-
ulus 1, and #(z,¢€) = (21,..., 2,1, —€q"!). Using [27, Corollary 3.32] one computes the formal
dimension fdim(d¢) as

1 —2
_2+4Z —2k _ +q )

fdlm —q7?)
Moreover by [27, Proposition 3.27(11)] it follows that
mP (t(z,€)) = g 21 [ H N(zizj_l)N(zizj)} [nl_[l N(22)N(—eqzp)N(—eq 'zp) |,
1<i<j<n—1 k=1
where
N(t) = 1—-tH(1 -1

(1—qg ) (1—q72t)

We have the cancellation

o(L+eqg'z)(1+eg 27
(L4 eq32) (1 +eqg321)

and hence the result (since |G| = |W(B,-1)|). O

N(—eqz)N(—eq ') =¢q = ¢*N'(z),

Let

b= T sty [Tlo -] (6.3

1<i<j<n—1 k=1
The specialisation q~! = 0 corresponds to the limit ¢ — oo. The following corollary computes

the “asymptotic density” associated to the representation .

Corollary 6.26. For each choice of specialisation ¢ = £1 we have

2
qli{gloq dv, q,( )_ 2|G | dz.
Proof. This is immediate from Theorem 6.25. O
6.10 Schur functions
Define a symmetric bilinear form (-,-) in R[z] by
1 * *
(f1,f2) = TN [f1f5D(2)D(2)*], for f1, fo € R[2], (6.4)

where D(z) is as in (6.3) (with the z; unspecialised).
For A € P} define 5)(2) € Z[2]%" by

5= o (55)




Remark 6.27. It is easy to see that s)(z) is indeed an element of Z[z]. In fact, writing
N =MXey+ -+ A_1€,_1 we have

Cp—
sy(2) = s (21,0 20m)

n—1

where sg/ is the usual Schur function of type C,_; corresponding to the weight \'. We will
refer to the elements s)(z) as “Schur functions”. These Schur functions are the characters of
irreducible highest weight representations of the group Spy,,_o(C) x Cy (with Cy the group of
order 2). Specifically, for A € P;f, writing A" as above, the Schur function sy(z) is the character
of V) = Vv ® e’ where Vi is the irreducible highest weight representation of Spy,,_5(C), and e
is the nontrivial irreducible representation of Cs.

Recall the definition of the monomial symmetric functions M, (z) from Section 6.8
Proposition 6.28. The Schur functions sy(z) with X\ € P are the unique elements of Z[z]%"
satisfying

(1) sx(2) = Ma(2) + 22,0 @ uMu(2) with ayy, € Z, and

(2) (5x(2),5.(2)) = O p-
Proof. This follows from classical properties of Schur functions, see [28, Proposition 3.4]. 0

6.11 The ring Jrqr-1

In this section we determine the structure of Jpr~p-1. Recall from Theorem 6.23 that ¢(m)y) =
f(2)E11 with fy(2) € Z[2]% satisfying a weak positivity and triangularity property. The
following crucial theorem computes fy(z) precisely.

Theorem 6.29. For A € P,” we have fy(2) = sx(2). Thus ¢(my) = sx(2)FE1;.

Proof. The Plancherel formula is a decomposition of the canonical trace against a positive mea-
sure into characters of unitary x-representations (see [27]). Hence every integrand evaluated at
TwTyw is nonnegative. Retaining only the two families 7, ¢, using Proposition 6.3, and the fact
that Tr(TT,) = 1, gives the inequality

g / tr(mo,e(Tw) 12 e (Tw)) dvge(2) <1 for all w € Wey.
n—1
ec{—1,1}

Take w = m) in this inequality, and so

> / tr(fa " D (T ) a7 (T )] [0 Ddig e (2)] < 1.
cc{—1,13 7T

By Theorem 6.23 we have ¢~ U, (Tr,) — fa(2)E11, and so by Corollary 6.26 and Fatou’s
Lemma we have )
so 2 [ BEAEDERE <L
Gl ce{—1,13 /T
As discussed in [9, Remarks 5.5 and 5.12], the process of averaging over € € {—1,1} and inte-
grating over T"~! agrees with the combinatorial constant term inner product defined in (6.4),
and hence the above inequality gives (fy, f1) < 1 (in the specialised Hecke algebra).

On the other hand, the Schur functions s)(z) form an orthonormal Z-basis of Z[2]%" and
so fa(z) = 2 ept cusu(2). Then (fx, fa) = > cp+ ci (a positive integer), and the above
inequality forces (fy, fn) = 1. Thus ¢, = %1 for a unique p € P}, and ¢,y = 0 for all i/ # p. So
Ia(2) = £s,(2) for some pu € P;". The weak positivity and triangularity in Theorem 6.23 then
forces = A and f)(z) = s)(2). O

Corollary 6.30. We have Jpap-1 = Z[z]%.

Proof. This follows from Theorem 6.17, Theorem 6.29, and the fact that the Schur functions
form a Z-basis of Z[2]%". O
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6.12 The asymptotic algebra Jx,

We determined the leading matrices ¢(w) for elements w € I' N T'~! in Theorem 6.29. We now
use our factorisation formula (Theorem 1.4) to determine all other leading matrices.

Proof of Theorem 1.5. We must show that
c(uilm,\v) =5)(2)Ey -

We will first prove that ¢(u='w,) = Ey 1. Write a,, = t,-1,,. Since a, = aytw,, applying 7
gives c(u™tw,,) = c(u~tw,) E11, and hence only the first column of ¢(u~'w,,) is nonzero. Denote
this first column by v. By (5.2) we have a’a, = tw, and hence ¢(u='w,)*c(u=tw,) = Ei1,
giving v*v = 1. Writing (v); = Y., ;22" and taking the constant term of v*v it follows that
Zi, A\ c? y» = 1. Hence only one entry of v is nonzero, and this nonzero entry is of the form 22
for some \ € P,,. We locate the position of this entry, and compute the entry, using paths.

Let p be the path of type u~'w,, starting at uu such that the u~'-steps are crossings, and
the wy,-steps are all folds (as in the proof of Theorem 6.23 this is an n-folded alcove path).
We have end(p) = u, and hence wtg(p) = 0 and 0g(p) = u. Thus by Theorem 6.2 the path
p contributes (q — q~1)™"~Y to the (u,1)-entry of 7(T,-1,,;F). There is no cancellation of
this coefficient, because any path p’ of type u~'w, with these same start and end points has
at least /(u) crossings, and if p’ has k crossings then the degree of the contribution from p’ is
n(n—1)+0(u) —k—2b(p') < n(n—1). Equality requires k = ¢(u) and b(p’) = 0, and every such
path contributes positive leading coefficient. Thus we have ¢(u~!w,) = E, 1 as claimed.

By Theorem 1.4 we have t,—1,,, tm,tw,v = ty~1m,, and hence by Theorem 6.29 we conclude
that

c(u™tmyv) = c(u™ wp)e(my)c(Wyv) = 53(2) Bu1 F11E1 0 = 50(2) By,

completing the proof. O

Corollary 6.31. The map
7 Ia, — Matgn—1,,(Z[2]")  with tu-1myw F €U my0) = 53(2) By,
18 an isomorphism.

Proof. By Theorem 1.2 each element of Ja, can be written as A = > a4y aty-1m,y With the
sum over u,v € B and A € Pf. If 7°(A) = 0 then Theorem 1.5 implies that for each u,v € B
we have ), P Quu N5 A(2) = 0, and linear independence of the Schur functions forces a,,, » = 0
for each A € Pf. Thus 7™ is injective, and surjectivity follows from the fact that the Schur
functions span Z[z]%". O

Theorem 1.6 now follows immediately from Corollary 6.31 (see Remark 6.27). Moreover, we
can now prove Corollary 1.7.

Proof of Corollary 1.7. Under Lusztig’s bijection, the cell A; corresponds to the minimal non-
trivial unipotent class of Spy,(C), given by partition (2,12"72), and in the notation of [23,
Conjecture 10.5] one computes F' = Spy,_o(C) x Cy. We take Y = B with the trivial F-
action. An irreducible F-equivariant vector bundle on B x B is then supported at one point
(u,v), with fibre an irreducible representation V). Consequently Kr(B x B) = Matg|(Rep(F)).
Specifically, t,-1p,, corresponds to the bundle supported at (u,v) with fibre V). Moreover,
since (u™'myv)™! = v !myu and V¥ 2 V) (as both symplectic and Co-characters are self-dual)
the inversion has precisely the required effect on bundles (swapping the two coordinates, and
dualising the fibre). O
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6.13 Further applications

We conclude with further applications. Firstly, the isomorphism in Theorem 1.6 gives the explicit
multiplication rules in Ja, in terms of multiplicities in tensor products of irreducible highest
weight representations of the group Spy,_5(C) x Cs.

Corollary 6.32. For u,v,z,y € B and \, un € P, we have

Y @NV
tutmyote—tmuy = Ova Z NY tu-im,y where V3@V, = @ Vv, M
vePry veP
Proof. This is an immediate consequence of Theorem 1.6. O

Secondly, we can easily determine the centre of Ja,.

Corollary 6.33. For each A € P, definezy =), gt Then

u=imyu-

Z(JIa,) = D Zzx = Rep(Spy, o(C) x Ca).
xepf

Proof. The centre of Mat|B‘(Z[z]G”) consists precisely of the scalar matrices, and under the
isomorphism z) corresponds to s)(z)1. O

Thirdly we have the following characterisation of the cell A; in terms of the representation 7
(informally, 7 recognises Ay).

Corollary 6.34. Let I be a fundamental domain for the action of T, on X,,. The matriz
m(Tw; F) attains degree n(n — 1) if and only if w € Aq.

Proof. By [18, Proposition 6.5] the value of the bound, and the set of elements recognised, does
not depend on the particular fundamental domain. Hence, taking F' = F, the result follows from
Theorem 6.6 and Corollary 6.31. 0

Similarly, we see that the character x of 7 recognises the involutions in Ay. Note that this
is now a basis independent statement.

Corollary 6.35. The character x(T,,) attains degree n(n—1) if and only if w € Ay with w? = 1.

Proof. If w ¢ Ay then deg x(T,,) < n(n — 1) by Theorem 6.6. If w € Ay then w = v~ myv for
some u,v € B and A € P;F, and by the definition of leading matrices, and Theorem 1.5, we have

a " IN(Ty) € tr(e(u ' myv)) + a7 ZIE (g ] = s(2)due + a7 ZIE 0]

and so deg x(T,,) = n(n — 1) if and only if w = v~ myu, if and only if w € Ay with w? =1 (by
Corollary 4.21). O

Next, we have the following “Asymptotic Plancherel Theorem” for the cell A; (see also [9,
Section 5.3] for further discussion in type A,). Note that dve is the limiting density from
Corollary 6.26. We write 7°° = 727, to emphasise the dependence on specialised z and e.

Corollary 6.36 (Asymptotic Plancherel Theorem for Aj). For A=) ayty we have

weA

Z / tr (72 (A) T2 (A)*) dvoe = Za2 where  dvso = [D(=)” dz.
ce{—1,13 /T - - = 2|Gh|

Proof. This follows from Theorem 1.5 and the fact that the Schur functions s)(z) are orthonor-
mal with respect to the above measure. O
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Finally, we deduce the structure of the asymptotic algebra for the cell A} = A; N Wae of the
non-extended affine Weyl group. While the symplectic group Sp,,,_5(C) arises in the corollary
below, we note (from the proof) that it does so in a somewhat twisted way.

Corollary 6.37. We have Ja; = Maty(Rep(Spy,—»(C))), where N = 2"~ 1nl,

Proof. An element A € P, is in @ N P, if and only if A, = A1 + -+ 4+ Ay—1 (mod 2). Thus
An € {0,1} is determined by X' = (A1,...,A\,—1). It follows that JIar 18 isomorphic to the
full matrix algebra of N x N matrices over the representation ring of the group (Sps,,_o(C) x
C2)/{(—1,—1)) = Spy,,_5(C) (via the isomorphism (g,7n) — ng). The element —I acts on V) by
(_1))\1+“‘+>\n—1. n

6.14 Comments on the An case

In this final section, let Wee = P x W, be the extended affine Weyl group of type A,,. In this case
a complete description of the decomposition into cells (one-sided and two-sided) is known by the
work of Lusztig and Shi [23, 29]. The two-sided cells are in bijection with partitions of n+1, and
for A\ = n + 1 we write A for the two-sided cell containing wy/, where )\ is the dual partition,
and wy is the longest element of the associated Young subgroup of the symmetric group W.
In [45] Xi determined the structure of the asymptotic algebra J = @), Ja,, showing that
Ja, = Maty, (Rep(F))), where Ny = (n+1)!/(A1!--- Nn!) and F) is the (possibly disconnected)
maximal reductive subgroup of the centraliser in SL,,11(C) of the unipotent element u) with
Jordan blocks given by the partition .

In [9] we gave another approach to Xi’s theorem, using techniques similar to those used
in the present paper. In particular, in [9, Corollary 7.5] we show that for each A - n + 1 we
have Ja, = Maty, (Z[(\]9), here Z[()] is a certain quotient of a polynomial ring, and G is
a symmetry group associated to the fundamental A-alcove Ay. There is an associated pseudo-
translation group Ty, and a set X) = {w € Wex | wAg C Ay}, In [9, Theorem 7.8] we show,
conditional on an assumption relating to distinguished involutions, that a (signed) choice of
fundamental domain for the action of Ty on X, may be chosen so that each leading matrix
ca(w), with w € Ay, is of the form cy(w) = 5,({))Eyw, where 5,(()) € Z[(\] is a Schur
function. However this theorem was conditional on [9, Conjecture 7.7], where it is conjectured
that (up to reordering the basis) each distinguished involution d; € Aj has leading matrix of the
form cy(d;) = E;;. We take this opportunity to give a short proof of [9, Conjecture 7.7], thus
making the description of the asymptotic algebra in [9, Theorem 7.8] unconditional. Indeed,
Conjecture 7.7 follows quickly from the following elementary general observation.

Lemma 6.38. Let G be a group and let x be the involution on Z[G] given by g* = g~1. Every self

adjoint idempotent matriz in Maty (Z[G]) is a diagonal matriz with diagonal entries in {0,1}.

Proof. Suppose that P = P* = P2, and write [Pluy = deG Qw99 With ay g € Z. Fix a row
u. Taking the coefficient of 1 in the (u,u)-entry of P = PP* gives ay 1 = Z%gaiv,g. The
right hand side includes a%’%l, and SO @y 1 > a?w?l, forcing ay 4,1 = 0 or a,,1 = 1. In the
former case the entire u-row of P is zero. In the latter case a,,,1 = 1 is the unique nonzero

entry of the u-row. Hence the result. O

Corollary 6.39. Conjecture 7.7 of [9] holds.

Proof. In the notation of [9], let P; = ¢)(d;) and G = P/Q,. Using the asymptotic representation
(see [9, Proposition 4.12]) we have

P =on(di)? = m(tg,)? = 7X(t5,) = 73 (ta,) = ex(d;) = P

Since ¢x(w™!) = ¢y (w)* for all w € Wex (see [9, (4.5)]) and d; ' = d; we have P} = P;. We have
P; # 0 by [9, Theorem 5.10]. Thus by Lemma 6.38 P; is diagonal with entries 0 and 1. Since
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we also have tg,ts; = 0 whenever i # j the asymptotic representation gives P;P; = 0 if i # j.
Since there are Ny distinct right cells in Ay, there are N, distinct distinguished involutions in
Ay, and it follows that c)(d;) = E, ;) »(;) for some permutation o : {1,..., Ny} — {1,..., Ny},
hence the result. O
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